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THE KOHN-LAPLACE EQUATION ON ABSTRACT CR MANIFOLDS:
LOCAL REGULARITY
TRAN VU KHANH
Abstract. The purpose of this paper is to establish local regularity of the solution
operator to the Kohn-Laplace equation, called the complex Green operator, on ab-
stract CR manifolds of hypersurface type. For a cut-off function σ, we introduce the
σ-superlogarithmic property, a potential theoretical condition on CR manifolds. We prove
that if the given datum is smooth on an open set containing the support of σ then the
solution is smooth on the interior of {x ∈ M : σ(x) = 1}. Furthermore, we also study
the smoothness of the integral kernel of the complex Green operator.
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2 T.V. KHANH
1. Introduction
1.1. Introduction and motivation. Let M be an abstract (2n + 1)-dimensional CR
manifold of hypersurface type (or CR manifold for short) equipped with a CR structure
T 1,0M . Let θ be a contact form ofM which is a nonvanishing purely imaginary 1-form that
annihilates T 1,0M ⊕ T 0,1M . Then the Levi form on M with respect to θ is the Hermitian
form on T 1,0M given by dθ(L∧ L¯′) where L, L′ ∈ T 1,0M . We say that M is pseudoconvex
if the Levi form dθ(L ∧ L¯) is nonnegative for any L ∈ T 1,0M . For a C2 function λ on
M , the alternating (1, 1)-form Lλ := 12(∂b∂¯b− ∂¯b∂b)λ on T 1,0M × T 0,1M is called the Levi
form of λ.
For 0 ≤ q ≤ n, the bundle of (0, q)-forms of smooth coefficients on M is denoted by
C∞0,q(M). The induced L
2-inner product and norm on C∞0,q(M) is defined by
(u, v)L2 =
∫
M
〈u, v〉dV, ‖u‖2L2 = (u, u)L2.
where dV is the element of volume onM and 〈·, ·〉 is a Hermitian metric on T 1,0M⊕T 0,1M .
In general, ‖·‖Hs denotes the Sobolev Hs-norm that H0 := L2. We also define L20,q(M) and
Hs0,q(M) to be the Hilbert space obtained by completing C
∞
0,q(M) under the L
2 and Hs
norms, respectively. The tangential Cauchy-Riemann operator ∂¯b : C
∞
0,q(M)→ C∞0,q+1(M)
is the natural restriction of the de-Rham exterior complex of derivatives d to C∞0,q+1(M).
We denote by ∂¯∗b : C
∞
0,q+1(M) → C∞0,q(M) the L2-adjoint of ∂¯b and define the Kohn-
Laplacian by
b := ∂¯b∂¯
∗
b + ∂¯
∗
b ∂¯b : C
∞
0,q(M)→ C∞0,q(M).
We can extend ∂¯b, ∂¯
∗
b and b to unbounded operators in L
2-spaces with domains consist-
ing of forms in L2-spaces where the results (computed in the sense of distributions) are
actually in L2-spaces. Let H0,q(M) = {u ∈ L20,q(M) : bu = 0} be the space of harmonic
(0, q)-forms, that coincides with ker(∂¯b) ∩ ker(∂¯∗b ).
Given ϕ ∈ L20,q(M) with ϕ ⊥ H0,q(M), to solve the Kohn-Laplace equation with datum
ϕ consists in finding a (0, q)-form u ∈ Dom(b) such that
bu = ϕ. (1.1)
Observe that if a solution of (1.1) exists then there is a unique solution u of (1.1) such
that u ⊥ H0,q(M), we denote the operator that maps ϕ 7→ u by Gq. The operator Gq
is called the complex Green operator acting (0, q)-forms. We extend the operator Gq to
a linear operator by setting it to be equal to zero on H0,q(M). If there exists c > 0 so
that for any ϕ ∈ L20,q(M)∩H⊥0,q(M), ‖u‖L2 ≤ c‖ϕ‖L2 then Gq is bounded and self adjoint
in L20,q(M). Furthermore, if Gq exists, then ∂¯
∗
bGq and Gq∂¯
∗ are the canonical solution
operators to the ∂¯b-equation on (0, q) and (0, q + 1)-forms, respectively; ∂¯bGq and Gq∂¯b
are the canonical solution operators to the ∂¯∗b -equation on (0, q) and (0, q − 1)-forms,
respectively; I − ∂¯∗b ∂¯bGq and I − ∂¯∗bGq∂¯b are the Szego¨ projections—the projections onto
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ker(∂¯b); and I − ∂¯b∂¯∗bGq and I − ∂¯bGq∂¯∗b are the anti Szego¨ projections— the projections
onto ker(∂¯∗b ). The fundamental questions regarding the Kohn-Laplace equation can be
asked, at the level of understanding the regularity of these operators, as follows:
(1) the L2 boundedness;
(2) the global regularity in C∞ and Hs spaces;
(3) the local regularity in C∞ and Hs spaces;
(4) the smoothness of the integral kernels.
A great deal of work has been done relatively to Question 1 (cf. [Bar12, HR11, HR15,
Koh86, KN06, Nic06, Sha85]) and Question 2 (cf. [RS08, Rai10, KPZ12, SZ15, Str12,
HPR15]) on some classes of CR manifolds. In the parallel with this work in [KR], with
Raich we give a positive answer to the first two questions on abstract CR manifolds
equipped with “good” CR-plurisubharmonic functions, which is a potential theoretical
condition that we call a P -property. In particular, we prove that if M is a compact,
pseudoconvex-oriented, (2n + 1)-dimensional CR manifold equipped with a strictly CR-
plurisubharmonic function on (0, q0)-forms, i.e., there exist a global function λ and con-
stant α > 0 such that
〈(Lλ + dθ)yu, u〉 ≥ α|u|2 holds on M for all smooth (0, q)-forms u,
then the operators Gq, ∂¯
∗
bGq, Gq∂¯
∗
b , ∂¯bGq Gq∂¯b, I − ∂¯∗b ∂¯bGq, I − ∂¯∗bGq∂¯b, I − ∂¯b∂¯∗bGq,
I − ∂¯bGq∂¯∗b , ∂¯bG2q∂¯∗b and ∂¯∗bG2q∂¯b are L2-bounded for all degrees q0 ≤ q ≤ n− q0. Here y is
the contraction operator defined in Section 2 below. If the manifold also admits a covering
that satisfies “a weak compactness property” on (0, q0)-forms, then these operators are
both C∞-globally regular and exactly regular in Hs-spaces [KR]. Our “weak compactness”
property acting (0, q0)-forms on a covering {Uη}η ofM is defined as follows: for any Uη and
any t ≥ 1 there exist a vector field Tt transversal T 1,0M ⊕ T 0,1M , a uniformly bounded,
smooth function ληt , and a function f(t)ր∞ as tր∞ such that{〈
(Lληt + tdθ)yu, u
〉 ≥ f(t)|{Lie}Tt(θ)|2|u|2,
0 < c1 ≤ θ(Tt) ≤ c2 uniformly in t,
(1.2)
hold on Uη for all smooth (0, q0)-forms u.
The purpose of this paper is to answer Question 3 and 4. The study of the local C∞
regularity and the smoothness of the distribution kernels of Gq and the relative operators
are preliminary steps for the derivation of Lp and Ho¨lder estimates for these operators (cf.
[Chr88, Koe02, FK88b, FK88a, NRSW89, NS06, FS74, CNS92, Mac88]). For the question
on local regularity, we first recall an operator is called locally regular on a given open set U
if it preserve C∞ on U . The local regularity of Gq is equivalent to the local hypoellipticity
of b in the sense that if the restriction of bu to U is in C
∞
0,q(U), then the restriction of
u to U is also in C∞0,q(U).
It is well known in the general theory of partial differential equations that a subelliptic
estimate implies local hypoellipticity [KN65]. For the ∂¯-Neumann problem, Kohn [Koh79]
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gave a sufficient condition for subellipticity over pseudoconvex domains in whose bound-
aries are real analytic and of finite type by introducing a sequence of ideals of subelliptic
multipliers. For example, for the hypersurface in Cn+1 defined by
Im zn+1 =
m∑
k=1
|hk(z1, . . . , zn)|2, (1.3)
where hk’s are holomorphic functions and whose common zeroes is only the origin of C
n,
the origin is a point of finite type. Hence, by [Koh79, Theorem 1.19], a subelliptic estimate
for holds (see [Koh79] for the analysis of this example). In [Cat83, Cat87], Catlin proved,
regardless whether the boundary is real analytic or not, the equivalence of the finite type
condition and the subelliptic estimate by establishing that each of these two conditions
is equivalent to a third technical condition called the potential-theoretical condition on
domains. For a CR manifold which is the boundary of a bounded pseudoconvex domain
in Cn+1, the subelliptic estimate for b and  are equivalent [Koh02]. Consequently, b is
locally hypoelliptic on the set of points of finite type. An amazing result by Kohn [Koh02]
showed that superlogarithmic estimate for b still implies local hypoellipticity. It should
be noted that superlogarithmicity is a very weak estimate compared with subellipticity
and that there are many classes of domains of infinite type (flat boundary) for which the
superlogarithmic estimate holds (cf.[KZ10]). Superlogarithmicity is also a necessary con-
dition for local hypoellipticity of b on some hypersurfaces. For example, Christ [Chr02]
considered the model in C2 defined by
Im z2 = exp
(
− 1|Rez1|α
)
, (1.4)
for some α > 0, and showed that in a neighborhood of the origin, b is locally hypoelliptic
if and only if superlogarithmic estimate holds, i.e., α < 1 (see also [KZ10, BKZ12]). The
problem is to find conditions under which b is locally hypoelliptic but superlogarithmicity
fails. It is a recent discovery [Koh00, Chr01, BPZ15] that there exist many classes of
hypersurfaces that superlogarithmicity might not hold but b is still locally hypoelliptic.
For example, b is locally hypoelliptic on hypersurface models in C
n+1 either defined by
Im zn+1 = exp
(
− 1
(
∑m
k=1 |hk(z1, . . . , zn)|2)β
)
, (1.5)
where hk’s are holomorphic functions whose common zeroes is only at the origin of C
n,
and β > 0 (see [Koh00, Chr01]); or
Im zn+1 =
n∑
j=1
|Rezj |2mj exp
(
− 1|zj |βj
)
, (1.6)
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where mj ∈ N and βj > 0, j = 1, . . . , n (see [BPZ15]). The problem of local hypoellipticity
of b, raised by Zampieri, remains open for the model, defined by
Im zn+1 =
n∑
j=1
exp
(
− 1|Rezj |αj
)
exp
(
− 1|zj |βj
)
(1.7)
where 0 < αj < 1 and βj > 0, j = 1, . . . , n.
The problem raised by Zampieri has motivated my work on this paper. The main
goal of this paper consists in establishing the local hypoellipticity of b and hence the
regularity of Gq and related operators. The technique is to establish a sufficient potential
theoretic condition on abstract CR manifolds. Surprisingly, not only this shows local
hypoellipticity of b on the hypersurface defined by (1.7), but also we discover a new
class of hypersurfaces in Cn+1 in which superlogarithmic estimate for b might not hold
but b is locally hypoelliptic. For example, a generalization of Kohn’s example in [Koh79]:
Im zn+1 =
m∑
j=1
Hj(|hj(z1, . . . , zn)|), (1.8)
where Hj : R
+ → R+ are increasing convex functions with Hj(0) = 0 and hj’s are holo-
morphic functions and have the common zero at only the origin of Cn; or a generalization
of Christ’s example in [Chr02]:
Im z2 = exp
(
− 1|Re (zm1 )|α
)
(1.9)
where m ∈ N and 0 < α < 1. In particular, all mentioned examples (1.3)-(1.9) can be
unified to a class of hypersurfaces in Cn+1 having the form
Im zn+1 =
∑
k=1
Hk
(∑
j
|hkj|2
)
Fk
(∑
j
|Rehkj|2
)
(1.10)
where Hk, Fk : R
+ → R+ are increasing and convex functions such that Hk(0)Fk(0) = 0;
and the hkj’s are holomorphic functions in C
n with an isolated zero at the origin. The
crucial condition for local hypoellipticity of b is only that limδ→0 δ ln (Fk(δ
2)) = 0 and
no matter how small the value of Hk’s are.
1.2. The main theorems. Throughout of this paper, we consider M to be a (2n + 1)-
dimensional, pseudoconvex CR manifold of hypersurface type with a fixed purely imagi-
nary contact form θ and its dual vector field T ; U to be an open set ofM on which a smooth
basis of CTM exists. We do not require M to be compact, however, we assume that ∂¯b
has closed range in L2 for all degree of forms (see [KR] for discussion on this condition).
Let σ be a cutoff function, we denote by V σ0 the interior of the set {x ∈ M : σ(x) = 1}.
If ζ is another cutoff function, then we use notation σ ≺ ζ if ζ = 1 on the support of σ.
For two functions f, g : R+ → R+, we write f ≫ g if limt→∞ f(t)/g(t) =∞.
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Now we introduce a potential theoretic condition that is a sufficient condition for local
hypoellipticity of b.
Definition 1.1. Let σ be a cutoff function in U . We say that the σ-superlogarithmic
property on (0, q0)-forms holds if there exist a pair of rate functions f, f0 : R
+ → R+ with
f, f0 ≫ 1 and f(t), f0(t) ≤ t1/2 for t ≥ 1, and a family of smooth real-valued function
{λt}t≥1 defined on U such that{
〈(Lλt + tdθ)yu, u〉 ≥ f 20 (t)
(
ln t|〈Lσyu, u〉|+ ln2 t|∂bσyu|2
)
+ f 2(t)|u|2,
|Tm(λt)| ≤ cmtm2 , for all m ∈ N,
(1.11)
holds at any x ∈ U for all smooth (0, q0)-forms u. The functions f , f0 are called the
independent and dependent rate, respectively.
This definition is inspired by the P -property defined by Catlin in [Cat84, Cat87, KZ10]
and Property (CR-Pq) defined by Raich in [Rai10, KPZ12, Str12]. The σ-superlogarithmic
property is a combination of the potential theoretical conditions (f -Id), (f0 ln -∂bσ ∧ ∂¯bσ)
and (f0
√
ln-Lσ)-properties where the (f -M)-property is defined by the first line of (1.11)
replaced by
〈(Lλt + tdθ)yu, u〉 ≥ f 2(t)|〈Myu, u〉|. (1.12)
Here, M is a (1, 1) form and is called a multiplier of the f -property. It is automatic that
(t1/2-dθ)-property holds on any CR manifold. A byproduct from the proof of the main
result in §3.1, we have a general estimate for b by the (f -M)-property.
Theorem 1.2. Let M be a (2n+1)-dimensional, pseudoconvex CR manifold and xo ∈M ,
let f : R+ → R+, andM be a nonnegative (1, 1)-form. Suppose (f -M)-property on (0, q0)-
forms holds at in a neighborhood U of xo. Then, the estimate
(Myf(Λ)u+, f(Λ)u+)L2 ≤ c
(‖∂¯bu+‖2L2 + ‖∂¯∗bu+‖2L2 + ‖u‖2L2) (1.13)
holds for all u ∈ C∞0,q(M) supported in U with q ≥ q0; and dually, the estimate
‖
√
Tr(M)× f(Λ)u−‖2L2 − (Myf(Λ)u−, f(Λ)u−)L2
≤ c (‖∂¯bu−‖2L2 + ‖∂¯∗bu−‖2L2 + ‖u‖2L2) (1.14)
holds for all u ∈ C∞0,q(M) supported in U with q ≤ n − q0. Here u± are the ±-Kohn’s
microlocalizations of u and f(Λ) is the pseudodifferential operator of symbol f(
√
1 + |ξ|2).
We remark that if M is a positive (1, 1)-form, then (1.13), (1.14) and the elliptic
estimate for the 0-Kohn’s microlocalization u0 imply the full estimate
‖f(Λ)u‖2L2 ≤ c
(‖∂¯bu‖2L2 + ‖∂¯∗bu‖2L2 + ‖u‖2L2) (1.15)
for all u ∈ C∞0,q(M) supported in U with q0 ≤ q ≤ n − q0. In this situation, if f(t) = tǫ,
(1.15) becomes a subelliptic estimate; if f ≫ ln, (1.15) implies the superlogarithmic esti-
mate; and if f ≫ 1, (1.15) implies the (local) compactness estimate. These estimates are
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well-known in theory of hypoellipticity of b. The compactness estimate for b obtained
by potential-theoretical property has been proved in [Rai10, Str12, KPZ12]. However, this
is the first time that estimates for b by potential-theoretical properties have shown a
“gain” in derivatives. Coming back to Definition (1.1), it is obvious that if the indepen-
dent rate f ≫ ln then the σ-superlogarithmic property holds for any cutoff function σ in
U . In fact, in this case the superlogarithmic estimate for b holds by Theorem 1.2 and
hence b is local hypoellipticity by [Koh02, Theorem 1.5].
The σ-superlogarithmic property implies the following results concerning hypoellipticity
of b and regularity of Gq and its related operators on CR manifolds with dimension at
least five.
Theorem 1.3. Let M be a pseudoconvex CR manifold of dimension (2n+ 1) with n ≥ 2
such that ∂¯b has closed range in L
2 spaces for all degrees of forms. Suppose that the
σ-superlogarithmic property on (0, q0)-forms holds. Then, for any q0 ≤ q ≤ n − q0, if
u ∈ L20,q(M) such that bu ∈ L20,q(M) ∩ C∞0,q(V σ1 ) then u ∈ C∞0,q(V σ0 ), where V σ0 the
interior of {x ∈M : σ(x) = 1} and V σ1 be an open set containing supp(σ).
Furthermore, for any s ≥ 0, and ζ0 ≺ σ ≺ ζ1, the following holds.
(i) If ϕ ∈ L20,q(M) ∩Hs0,q(supp(ζ1)), then
‖f 2(Λ)ζ0Gqϕ‖Hs + ‖f(Λ)ζ0∂¯bGqϕ‖Hs + ‖f(Λ)ζ0∂¯∗bGqϕ‖Hs
+ ‖ζ0(I − ∂¯b∂¯∗bGq)ϕ‖Hs + ‖ζ0(I − ∂¯∗b ∂¯bGq)ϕ‖Hs ≤ cs,ζ0,ζ1 (‖ζ1ϕ‖Hs + ‖ϕ‖L2) .
(1.16)
(ii) If ϕ ∈ L2q−1(M) ∩Hs0,q−1(supp(ζ1)), then
‖f 2(Λ)ζ0∂¯∗bG2q∂¯bϕ‖Hs+‖f(Λ)ζ0Gq∂¯bϕ‖Hs + ‖ζ0(I − ∂¯∗bGq∂¯b)ϕ‖Hs
≤ cs,ζ0,ζ1 (‖ζ1ϕ‖Hs + ‖ϕ‖L2) .
(1.17)
(iii) If ϕ ∈ L20,q+1(M) ∩Hs0,q+1(supp(ζ1)),
‖f 2(Λ)ζ0∂¯bG2q∂¯∗bϕ‖Hs+‖f(Λ)ζ0Gq∂¯∗bϕ‖Hs + ‖ζ0(I − ∂¯bGq∂¯∗b )ϕ‖Hs
≤ cs,ζ0,ζ1 (‖ζ1ϕ‖Hs + ‖ϕ‖L2) .
(1.18)
Here, f is the independent rate of the σ-superlogarithmic property.
The proof of Theorem 1.3 is given in §4.1. The crucial idea in the proof is to combine
the elliptic regularization method and a-priori estimates in the intermediate norm ‖·‖f -Asσ
ζ
between two classical norms ‖f(Λ)ζ0·‖Hs and ‖f(Λ)ζ1·‖Hs . In particular, we will prove
that
‖u‖f -Asσ
ζ
≤ cs,σ,ζ
(
‖∂¯bu‖Asσ
ζ
+ ‖∂¯∗bu‖Asσζ + ‖u‖L2
)
,
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and
‖u‖f2-Asσ
ζ
+‖∂¯bu‖f -Asσ
ζ
+ ‖∂¯∗bu‖f -Asσζ + ‖∂¯b∂¯∗bu‖Asσζ + ‖∂¯∗b ∂¯bu‖Asσζ
≤ cs,σ,ζ
(
‖δbu‖Asσζ + ‖u‖L2
)
hold for all u ∈ L20,q(M) ∩ C∞0,q(supp(ζ)). Here δb is an elliptic perturbation of b. It is
should be emphasized that with the stronger hypotheses in [Chr01, Chr02, Koh02, Koh00,
BPZ15] the difficulty of regularization methods can be avoided.
Remark 1.4. For the top degrees, it is known that G0 := ∂¯
∗
bG
2
1∂¯b and Gn = ∂¯bG
2
n−1∂¯
∗
b .
Thus, if the σ-superlogarithmic property holds on (0, 1)-forms then by Theorem 1.3 (ii)
and (iii) we get
‖f 2(Λ)ζ0G0ϕ‖Hs + ‖f(Λ)ζ0∂¯bG0ϕ‖Hs ≤ cs,ζ0,ζ1 (‖ζ1ϕ‖Hs + ‖ϕ‖L2) . (1.19)
holds for all ϕ ∈ L2(M) ∩Hs(supp(ζ1)), and
‖f 2(Λ)ζ0Gnϕ‖Hs + ‖f(Λ)ζ0∂¯∗bGnϕ‖Hs ≤ cs,ζ0,ζ1 (‖ζ1ϕ‖Hs + ‖ϕ‖L2) . (1.20)
holds for all ϕ ∈ L20,n(M)∩Hs0,n(supp(ζ1)). However, this works only for CR manifolds of
dimension at least five, i.e, n ≥ 2. For the case n = 1, we add an extra assumption that
G0 is C
∞ globally regular. Here is our result for this case.
Theorem 1.5. Let M be a 3-dimensional pseudoconvex CR manifold such that ∂¯b has
closed range on functions and G0 is globally regular. Suppose that the σ-superlogarithmic
property with dependent rate f holds for (0, 1)-forms. Then, for q = 0, 1, if u ∈ L20,q(M)
such that bu ∈ L20,q(M) ∩ C∞0,q(V σ1 ) then u ∈ C∞0,q(V σ0 ). Furthermore, (1.19) and (1.20)
hold.
Let Gq(xˆ, x) be the integral kernel of the complex Green operator Gq. This means Gq
has the integral representation
Gqϕ(x) =
∫
M
〈ϕ(xˆ),Gq(xˆ, x)〉dV (xˆ) = (ϕ,Gq(·, x)))
provided the integral exists; this imposes regularity conditions on ϕ and Gq. Thus, G is a
double differential form of degree (0, q; q, 0) on the product manifold M ×M . The second
goal of this paper is to study the smoothness of Gq. Using the idea of Kerzman [Ker72]
for proving smoothness of the Bergman kernel of strongly pseudoconvex domains in Cn+1
, the smoothness of the Szego¨ kernels and the kernel of the complex Green operator have
been obtained on some cases of pseudoconvex hypersurfaces in Cn+1 of finite type (see
[MS97, Chr88, NRSW89, PS77, Boa87, NS06, Koe02, FKM90]). However, when M is of
infinite type, the only result available is that of Halfpap, Nagel and Wainger [HNW10]
who classified subsets ofM×M in which the Szego¨ kernel is smooth by comparing α with
1 for the case that M is defined by Im z2 = exp
(
− 1
|Rez1|α
)
. Halfpap et. al. use a harmonic
analysis approach.
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It is obvious that the smoothness of Gq implies the smoothness of the Szego¨ kernels
of I − ∂¯∗b ∂¯bGq and I − ∂¯∗bGq∂¯b and also the kernels of all related operators such as ∂¯bGq,
Gq∂¯b, ∂¯
∗
bGq, Gq∂¯
∗
b , I − ∂¯b∂¯∗bGq, and I − ∂¯bGq∂¯∗b . So we only need to state the result on the
smoothness of Gq.
Theorem 1.6. Let M be a pseudoconvex, CR manifold of dimension (2n+1) such that ∂¯b
has closed range in L2 spaces for all degrees of forms. Suppose that the σ-superlogarithmic
property on (0, q0) forms holds .
(i) If σˆ is another cutoff function such that supp(σ) ∩ sup(σˆ) = ∅ and the σˆ -
superlogarithmic property on (0, q0)-forms also holds. Then
Gq ∈ C∞0q;q,0
((
V σ0 × V σˆ0
) ∪ (V σˆ0 × V σ0 )) for all q0 ≤ q ≤ n− q0.
If q0 = 1 and n ≥ 2, or q0 = n = 1 with the extra assumption that G0 is globally
regular, then this conclusion also holds for q = 0 and q = n.
(ii) If Gq is globally regular for some q0 ≤ q ≤ n− q0 then
Gq ∈ C∞0,q;q,0
((
V σ0 × (M \ supp(σ))
)
∪
(
(M \ supp(σ))× V σ0
))
.
If q0 = q = 1 (resp. q0 = 1, q = n), this conclusion also holds for G0 and (resp.
Gn).
We prove this theorem in §4.2. The idea of the proof is based on the estimates of
regularity for Gqϕxˆ0 and G
δ
qϕxˆ0 (where G
δ
q is the inverse of 
δ
b– a elliptic perturbation of
b ) where ϕxˆ0 is a Dirac-delta distribution (0, q)-form supported in xˆ0.
We notice that the regularity of Gq and the smoothness of Gq in Theorem 1.3, 1.5 and
1.6 depends on the set V σ0 = {x ∈M : σ(x) = 1} and the support of σ. To give the precise
result for local regularity defined above, we define the point of weak superlogarithmicity
as follows.
Definition 1.7. The point x0 ∈M is called a weakly superlogarithmic point if given any
small neighborhood W of x0 then there exists a cutoff function σ such that
(i) supp(σ) ⊂W ;
(ii) σ = 1 in an open set containing xo;
(iii) the σ-superlogarithmic property on (0, 1)-forms holds.
Denote by S the set of all weakly superlogarithmic points. If S ⊂⊂ M then S is open.
The following corollary follows immediately from Theorems 1.3, 1.5 and 1.6.
Corollary 1.8. Let M be a pseudoconvex, CR manifold of dimension (2n+ 1) such that
∂¯b has closed range in L
2 spaces for all degrees of forms (here n ≥ 2 or in the case n = 1
with the additional hypothesis that G0 is globally regular). Let S be the set of all weakly
superlogarithmic points in M . Then, the following properties hold:
(i) For all 0 ≤ q ≤ n, Gq is locally regular in S in the sense that for any open set
V ⊂ S, if ϕ ∈ L20,q(M) ∩ C∞0,q(V ) then Gqϕ ∈ C∞0,q(V ).
10 T.V. KHANH
(ii) The kernel Gq ∈ C∞0,q;q,0 (S × S \ {Diagonal}) for all 0 ≤ q ≤ n.
(iii) If Gq is global regular for some q, then Gq ∈ C∞0,q;q,0 ((S ×M) ∪ (M × S) \ {Diagonal}).
As our motivation, we will show any point of the hypersurface defined by (1.10) is a
weakly superlogarithmic point and then b is locally hyopelliptic.
Theorem 1.9. Let M2n+1 be the hypersurface defined by (1.10). If
lim
δ→0
δ ln
(
Fk(δ
2)
)
= 0 for all k,
then any point x ∈ M is a weakly superlogarithmic point. Consequently, b’s defined on
forms of any degree are local hypoelliptic.
The hypoellipticity of b acting on functions implies the hypoellipticity of the sub-
laplacian ∆b := Re(b). The study of ∆b is related to the work on degenerate second-order
operators. By the celebrated theorem of Ho¨rmander [Ho¨r67] the finite type condition of
{X0, . . . , Xr} is sufficient for hypoellipticity of
∑r
j=1X
2
1+X0+c in R
N (see also in [FK72],
[RS76]). However, the finite type is not a necessary condition for local hypoellipticity (see
[Fed71], [Koh98], [BM95], [KS87], [Mor87], [Him95]). For example, Fedii [Fed71] showed
that the operator ∂
2
∂x2
+b(x) ∂
2
∂t2
in R2 with b ∈ C∞ is hypoelliptic if b(x) > 0 when x 6= 0; or
the example of Kusuoka-Stroock [KS87] illustrates that the operator ∂
2
∂x2
+ ∂
2
∂y2
+ a2(x) ∂
2
∂t2
in R3 is hypoelliptic if and only if limx→0 x ln a(x) = 0, where a ∈ C∞, a(x) 6= 0 when
x 6= 0. Applying Theorem 1.9 to the model Imz2 = H(|z1|2)F (|Re z1|2) in C2, we obtain a
generalized version of Fedii and Kusuoka-Stroockand’s examples. In fact, we can conclude
that the operator ∂
2
∂x2
+ ∂
2
∂y2
+a2(x)b(x2+y2) ∂
2
∂t2
in R3 is hypoelliptic if limx→0 x ln a(x) = 0.
The rest of the paper is organized as follows. The establishment of a basic estimate and
the development of the microlocal are given in the first and second parts of Section 2. The
remainder of the section introduces a special norm between the classical Hs-norms. In
Section 3, we establish the a-priori estimates for the system (∂¯b, ∂¯
∗
b ), the Kohn-Laplacian
b and the elliptic perturbation 
δ
b . We prove Theorems 1.3, 1.5 and 1.6 in Section 4. In
Section 5, we analyze the hypersurface model 1.10 and prove Theorem 1.9.
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research is inspired from his work. I wish to express my thanks to Luca Baracco and Ste-
fano Pinton, communication with them led to the research presented here. I also thank
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2. Technical preliminaries
In this section we prepare some inequalities which are needed for the a-priori estimates
that prove Theorems 1.3 and 1.5. The key technical tool of our discussion is the Kohn-
Morrey-Ho¨rmander inequality on abstract CR manifolds, the Kohn-microlocalizations and
a special norm between ‖ζ0·‖2Hs and ‖ζ1·‖2Hs .
2.1. The Kohn-Morrey-Ho¨rmander inequality on CR manifolds. Let M be a
smooth CR manifold of dimension (2n + 1) with the CR structure T 1,0M and con-
tact form θ. Let U be an open set of M so that we can choose a C∞(U) local basis
{L1, . . . , Ln, L¯1, . . . , L¯n, T} of CTM . Here, {L1, . . . , Ln} is a basis of T 1,0M , {L¯1, . . . , L¯n}
is the basis of the conjugate of T 1,0M , denoted by T 0,1M . The vector field T is dual to
θ. Then the coefficients of the Levi form can be written as cij = dθ(Li ∧ L¯j), and by the
Cartan formula it is identified with the T -component of [Li, L¯j ]. For a smooth function
λ, the matrix (λij) of the Hermitian form Lλ := 12
(
∂b∂¯b − ∂¯b∂b
)
λ is expressed by
λij = L¯jLi(λ) +
1
2
cijT (λ) +
∑
k
ckijLk(λ). (2.1)
where ckij is the Lk-component of [Li, L¯j ] (see [KR] for more details).
To express a form in local coordinates, we let Iq = {(j1, . . . , jq) ∈ N q : 1 ≤ j1 < · · · <
jq ≤ n}, and for J ∈ Iq, I ∈ Iq−1, and j ∈ N, ǫjIJ be the sign of the permutation {j, I} → J
if {j} ∪ I = J as sets, and 0 otherwise. If u ∈ C∞0,q(M), then u is locally expressed as a
combination
u =
∑
J∈Iq
uJ ω¯J , (2.2)
of basis forms ω¯J = ω¯1 ∧ ...∧ ω¯jk for ordered indices j1 < ... < jk with C∞-coefficients uJ .
If λ =
∑
j λjωj is a (1, 0) form defined in U , the contraction operator y acting (0, q)-form
u as in (2.2) is defined by
λyu =
∑
I∈Iq−1
(
n∑
j=1
λjujI
)
ω¯I , (2.3)
and consequently
‖λyu‖2 =
∑
I∈Iq−1
‖
n∑
j=1
λjujI‖2, (2.4)
If λ =
∑
ij λijωi ∧ ω¯j is a (1, 1) form in U , the contraction operator y acting a (0, q)-form
u as in (2.2) is defined by
λyu =
∑
I∈Iq−1
(
n∑
i,j=1
λijuiI
)
ω¯j ∧ ω¯I . (2.5)
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Thus, the Levi forms dθ and Lλ acting on (0, q)-forms u, v defined in U can be expressed
as
〈dθyu, v〉 =
∑
I∈Iq−1
n∑
i,j=1
cijuiIvjI and 〈Lλyu, v〉 =
∑
I∈Iq−1
n∑
i,j=1
λijuiIvjI .
We can also express the operator ∂¯b : C
∞
0,q(M) → C∞0,q+1(M) and ∂¯∗b : C∞0,q(M) →
C∞0,q−1(M) in the local basis as follows:
∂¯bu =
∑
J∈Iq
K∈Iq+1
n∑
k=1
ǫkJK L¯kuJ ω¯K +
∑
J∈Iq
K∈Iq+1
bJKuJ ω¯K (2.6)
and
∂¯∗bu = −
∑
J∈Iq−1
 n∑
j=1
LjujJ +
∑
K∈Iq
aJKuK
 ω¯J (2.7)
where aJijI , aJK ∈ C∞(M) and u is as (2.2).
We will use the the Kohn-Morrey-Ho¨rmander inequality for CR manifolds with the
weighted norm ‖·‖L2
λ
defined by
‖u‖2L2
λ
=
∫
M
〈u, u〉e−λ dV.
Let ∂¯∗b,λ be the L
2
λ-adjoint of ∂¯b. It is easy to see that in the local basis
∂¯∗b,λu = −
∑
J∈Iq−1
 n∑
j=1
Lλj ujK +
∑
K∈Iq
aJKuK
 ω¯J (2.8)
where Lλjϕ := e
λLj(e
−λϕ) and u as in (2.2). For such u,
∂b(λ)yu = −[∂¯∗b , λ]u = [∂¯b, λ]∗u =
∑
I∈Iq−1
n∑
j=1
Lj(λ)ujIω¯I ,
and hence
∂¯∗b,λu = ∂¯
∗
bu− ∂bλyu. (2.9)
Now we can state the Kohn-Morrey-Ho¨rmander inequality type for CR manifold which
has been proven in [KR].
Proposition 2.1. Let λ be a real-valued C2 function defined on U . Then there exists a
constant c independent of λ such that
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‖∂¯bu‖2L2
λ
+ ‖∂¯∗b,λu‖2L2
λ
+c‖u‖2L2
λ
≥ 1
2
n∑
j=1
‖L¯ju‖2L2
λ
+ (Lλyu, u)L2
λ
+ Re
{
(dθyTu, u)L2
λ
} (2.10)
holds for all u ∈ C∞0,q(M) supported in U .
To estimate the the Levi form containing T in the inequality (2.10), we use Kohn’s
microlocalizations and G˚arding’s inequality. G˚arding’s inequality is formulated as follows
(see [Nic06]).
Lemma 2.2. Let R be a first-order pseudodifferential operator such that the symbol
S(R) ≥ 0 and let λ be a nonnegative (1, 1)-form. Then there exists a constant c such
that
Re {(λyRu, u)L2} ≥ −c‖u‖2L2
for any u ∈ C∞0,q(M).
2.2. Microlocalization. We now recall the microlocal framework developed by Kohn
[Koh86, Koh02] and present its main consequences for our work.
We choose real coordinates x = (x′, x2n+1) = (x1, ...x2n, x2n+1) with the origin some
point xo ∈ U such that T = −
√−1 ∂
∂x2n+1
and if we set zj = xj+
√−1xj+n for j = 1, . . . , n,
then we have Lj |xo = ∂∂zj for j = 1, . . . , n. Let ξ = (ξ1, ..., ξ2n+1) = (ξ′, ξ2n+1) be the dual
coordinates to the (x1, ..., x2n+1)’s. Let ψ be a smooth function in the unit sphere {|ξ| = 1}
with range in [0, 1], such that
ψ = 1 in {ξ∣∣ξ2n+1 > 1
3
|ξ′|} and supp(ψ) ⊂⊂ {ζ2n+1 ≥ 1
4
|ξ′|}.
We extend this function to R2n+1 by homogeneity. Set ψ(ξ) := ψ( ξ
|ξ|
) if |ξ| ≥ 2 and
ψ(ξ) = 0 if |ξ| ≤ 1. Set ψ+(ξ) := ψ(ξ); ψ−(ξ) := ψ(−ξ) and ψ0(ξ) := 1 − ψ+(ξ)− ψ−(ξ).
Define ψ˜0 so that ψ˜0 = 1 on a neighborhood of suppψ0 ∪ supp(dψ+) ∪ supp(dψ−) and
supp(ψ˜0) ⊂ C0 := {ζ2n+1 ≤ 34 |ζ ′|} ∪ {|ξ| < 2}.
Associated to a function ψ is a pseudodifferential operator Ψ with symbol S(Ψ) = ψ
whose action on a function v supported in U is defined by
Ψ̂v(ξ) = ψ(ξ)vˆ(ξ),
where ˆ denotes the Fourier transform. We say that a pseudodifferential operator Ψ is
dominated by a pseudodifferential operator Ψ˜ and denote by Ψ ≺ Ψ˜ if S(Ψ) ≺ S(Ψ˜).
The operators Ψ+, Ψ−, Ψ0 and Ψ˜0 are defined as above with symbols ψ+, ψ−, ψ0 and ψ˜0,
respectively. By the definition of ψ+, ψ−, ψ0 and ψ˜0, it follows that Ψ+ + Ψ− + Ψ0 = I,
and both operators [Ψ
±
0 , α] and Ψ0 are dominated by Ψ˜0, where α ∈ C∞(M).
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Let γ : R→ [0, 1] be a cutoff function such that
γ(t) =
{
1 if |t| ∈ [e2, e3],
0 if |t| ∈ [0, e] ∪ [e4,+∞).
Set γk(ξ) := γ(e
−k|ξ2n+1|) for k = 1, 2, · · · , and also let γ0(ζ) = 1 if |ζ2n+1| ≤ e and is zero
if |ζ2n+1| ≥ e2. Furthermore, we can choose γ and γ0 such that
∑∞
k=0 γk(ξ) = 1 for any
ξ ∈ R2n+1. For k = 0, 1, 2, . . . , denote by Γk the pseudodifferential operator with symbol
γk. Let ζ be a cutoff function in U and set
u+ζ,k := ζΓkΨ
+ζu, and u−ζ,k := ζΓkΨ
−ζu,
where u is a distribution function on M .
Remark 2.3. For u ∈ H−so(M), Plancherel’s theorem gives us
‖u±ζ,k‖2Hs ≤c
∫
ξ∈R2n+1
(1 + |ξ|2)s (γ(e−k|ξ2n+1|)ψ±(ξ))2 |ζ̂u(ξ)|2dξ
≤ck,s,r
∫
ξ∈R2n+1
(1 + |ξ|2)−so|ζ̂u(ξ)|2dξ
=ck,s,r‖ζu‖2H−r ≤ ck,s,so‖u‖2H−so ,
for all s, r ∈ R with r ≥ so. Consequently, by the Sobolev lemma, the functions u±ζ,k ∈
C∞(M) if u ∈ H−so(M). By this remark we will not worry about the regularity of u±ζ,k.
We finish this subsection by an estimate for the Levi form involving T on the posi-
tive microlocalizations u+ζ,k. The estimate on the negative microlocalizations u
−
ζ,k will be
obtained by a modified Hodge-* constructed in §3 below.
Proposition 2.4. Let λ := λk,s be a C
∞ real-valued function defined on U such that
|λ| ≤ c0,sk and |Tm(λ)| ≤ cm,se km2 for all m = 1, 2, . . . . Then, for u ∈ H−so0,q (M), r ≥ s0
and k ≥ 1, we have
Re
(
dθyTu+ζ,k, u
+
ζ,k
)
L2
λ
≥ 1
2
ek(dθyu+ζ,k, u
+
ζ,k)L2λ − c‖u+ζ,k‖2L2λ − cs,re
−k‖ζu‖2H−r . (2.11)
where c and cs,r are independent of k.
Proof. Since T is a purely imaginary operator and λ is a real-valued function, it follows
Re
{(
T (λ)dθyu+ζ,k, u
+
ζ,k
)
L2
λ
}
= 0. Hence, we can bring e−
λ
2 inside T and rewrite the LHS
of (2.11) as follows
Re
{(
dθyTu+ζ,k, u
+
ζ,k
)
L2
λ
}
=Re
{(
dθyTe−
λ
2 u+ζ,k, e
−λ
2 u+ζ,k
)
L2
}
=Re
{(
dθy(T − ek)e−λ2 u+ζ,k, e−
λ
2 u+ζ,k
)
L2
}
+ ek(dθyu+ζ,k, u
+
ζ,k)L2λ
(2.12)
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To estimate the first term in the second line of (2.12), we define γ˜+ a cutoff function on
the real line such that
γ˜+(t) =
{
1 if t ∈ [e, e4],
0 if t ∈ (−∞, 1] ∪ [e5,+∞).
We define γ˜+k (ξ) = γ˜
+(e−kξ2n+1) then γ˜
+
k = 1 on supp(γkψ
+) and denote by Γ˜+k the
pseudodifferential operator of symbol γ˜+k . Then we have
(T − ek)e−λ2 u+ζ,k =(T − ek)e−
λ
2 ζΓkΨ
+ζu
=(T − ek)e−λ2 ζΓ˜+k ΓkΨ+ζu
=(T − ek)Γ˜+k e−
λ
2 ζΓkΨ
+ζu+ (T − ek)[e−λ2 ζ, Γ˜+k ]ΓkΨ+ζu
=(T − ek)Γ˜+k e−
λ
2 u+ζ,k + w,
(2.13)
where w := (T − ek)[e−λ2 ζ, Γ˜+k ]ΓkΨ+ζu; and hence(
dθy(T − ek)e−λ2 u+ζ,k, e−
λ
2 u+ζ,k
)
L2
=
(
dθy(T − ek)Γ˜+k e−
λ
2 u+ζ,k, e
−λ
2 u+ζ,k
)
L2
+
(
dθyw, e−
λ
2u+ζ,k
)
L2
.
(2.14)
Since the symbol S
(
(T − ek)Γ˜+k
)
≥ 0, we apply Lemma 2.2 for the first Levi form in the
second line of (2.14) and get
Re
(
dθy(T − ek)Γ˜+k e−
λ
2 u+ζ,k, e
−λ
2u+ζ,k
)
L2
≥ −c‖e−λ2 u+ζ,k‖2L2 = −c‖u+ζ,k‖2L2
λ
. (2.15)
Since dθ is a nonnegative (1, 1)-form, we can use the Cauchy-Schwarz inequality for the
second Levi form in the second line of (2.14) and get∣∣∣Re(dθyw, e−λ2 u+ζ,k)
L2
∣∣∣ ≤√(dθyw,w)(dθye−λ2 u+ζ,k, e−λ2 u+ζ,k)
≤1
2
e−k (dθyw,w)L2 +
1
2
ek
(
dθye−
λ
2 u+ζ,k, e
−λ
2 u+ζ,k
)
L2
≤ce−k‖w‖2L2 +
1
2
ek(dθyu+ζ,k, u
+
ζ,k)L2λ
(2.16)
where c is independent of k and λ.
From (2.12), (2.14),(2.15) and (2.16), we obtain
Re
{(
dθyTu+ζ,k, u
+
ζ,k
)
L2
λ
}
≥ 1
2
ek
(
dθyu+ζ,k, u
+
ζ,k
)
L2
λ
− c‖u+ζ,k‖2L2
λ
− ce−k‖w‖2L2.
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The proof is complete by using Lemma 5.5 in Appendix to estimate e−k‖w‖2. Indeed,
e−k‖w‖2L2 = ‖(T − ek)[e−
λ
2 ζ, Γ˜+k ]ΓkΨ
+ζu‖L2
≤ 2e−k‖T [e−λ2 ζ, Γ˜k+]ΓkΨ+ζu‖2L2 + 2ek‖[e−
λ
2 ζ, Γ˜+k ]ΓkΨ
+ζu‖2L2
≤
Lemma 5.5
cs,re
−k‖ζu‖2H−r .

2.3. A special norm between ‖ζ0·‖Hs and ‖ζ1·‖Hs. Let σ, ζ be cutoff functions in U
such that σ ≺ ζ . Recall that u±ζ,k = ζΓkΨ±ζu. Fix so ≥ 0. Let s ≥ 0 and g : R+ → R+
such that g(t)tso+2 is decreasing and g(t)tr is increasing for some r ≥ so+2. We write the
next several results for a generic g but we will use g(t) = t−r or g(t) = t−rf(t) in §3 to
establish the a-priori estimates. We define the following spaces and norms on (0, q)-forms
g-A±,sσζ;0,q =
{
u ∈ H−so0,q (M) : ‖u‖2g-A±,sσ
ζ
:=
∞∑
k=1
g2(ek)‖eksσu±ζ,k‖2L2 <∞
}
.
Be Remark 2.3, each atom g2(ek)‖eksσu±ζ,k‖2L2 ≤ ck,s, however, the finite of the full norm
‖u‖2
g-A±,sσ
ζ
determines the regularity of u in the Hs-spaces. In particular, by eksσζ ≤ eks
and
∑∞
k=0 γk ≡ 1, it follows
‖u‖2
g-A±,sσ
ζ
≤
∞∑
k=0
g2(ek)e2ks‖ΓkΨ±ζu‖2L2 ≤ cs,g‖Λsg(Λ)Ψ±ζu‖2L2 ≤ cs,g‖g(Λ)ζu‖2Hs,
where the second inequality follows by Plancherel’s theorem.
On the other hand, if ζ0 ≺ σ then
‖g(Λ)ζ0u‖2Hs ≤ cs,g
(
‖u‖2
g-A+,sσ
ζ
+ ‖u‖2
g-A−,sσ
ζ
+ ‖g(Λ)Ψ0ζu‖2Hs
)
.
Thus, the norm defined by
‖·‖2g-Asσ
ζ
:= ‖·‖2
g-A+,sσ
ζ
+ ‖·‖2
g-A−,sσ
ζ
+ ‖g(Λ)Ψ0ζ ·‖2Hs
is an intermediate norm between ‖g(Λ)ζ0·‖2Hs and ‖g(Λ)ζ ·‖2Hs for any ζ0 ≺ σ ≺ ζ . Instead
of working on the norms of Hs we will work on ‖·‖2
g-A±,sσ
ζ
. For convenience, we also use
the following notation:
‖u‖2
g-∂bσyA
+,sσ
ζ
:=
∞∑
k=1
g2(ek)‖eksσ∂bσyu+ζ,k‖2L2 ,
‖u‖2
g-∂¯bσ∧A
−,sσ
ζ
:=
∞∑
k=1
g2(ek)‖ek(sσ)∂¯bσ ∧ u−ζ,k‖2L2 ,
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and
(u, v)g-A±,sσ
ζ
:=
∞∑
k=1
g2(ek)(e2ksσu±ζ,k, v
±
ζ,k)L2 ,
for u, v ∈ g-A±,sσζ;0,q . We also define the error space whose norm appears when we estimate
commutators. Set
g-Es,b
ζ,ζ˜;0,q
:= {u ∈ H−so(M) : ‖u‖2
g-Es,b
ζ,ζ˜
:= ‖g(Λ)ζ˜u‖2Hb + ‖g(Λ)Ψ˜0ζu‖2Hs+b <∞},
where ζ˜ ≻ ζ and the support of S(Ψ˜0) belongs to C0. If g(t) = tag˜(t), we write g-A±,sσζ;0,q =
g˜-A±,sσ+aζ;0,q and g-Es,bζ,ζ˜;0,q = g˜-E
s,a+b
ζ,ζ˜;0,q
. The error norm appears when we estimate the com-
mutators in the following lemma.
Lemma 2.5. s2 Let X be a differential operator of the first order. For u ∈ (g-A+,sσζ;0,q ) ∩
(g-Es,0
ζ,ζ˜;0,q
), we have
n∑
k=1
g2(ek)‖eksσ[ζΓkΨ±ζ,X ]u‖2L2 ≤ cs,g
(
‖u‖2
g-A+,sσ
ζ
+ ‖u‖2
g-Es,0
ζ,ζ˜
)
.
Proof. Multiplying with g2(ek) to both sides of the estimate in Lemma 5.6(i) in Appendix,
and then taking the summation over k, we get the desired estimate. 
The combination of Lemma 2.5 and 5.6(ii) in Appendix gives us
‖Xu‖2
g-A±,sσ
ζ
≤ cs,g
(
‖u‖2
g-A±,sσ+1
ζ
+ ‖u‖2
g-Es,1
ζ,ζ˜
)
,
for u ∈ (g-A±,sσ+1ζ;0,q ) ∩ (g-Es,1ζ,ζ˜;0,q). Consequently, we have the following corollary.
Corollary 2.6. (i) If u ∈ (g-A±,sσ+1ζ;0,q )∩(g-Es,1ζ,ζ˜;0,q) then ∂¯bu, ∂¯∗bu ∈ (g-A
±,sσ
ζ;0,q )∩(g-Es,0ζ,ζ˜;0,q)
.
(ii) If u ∈ (g-A±,sσ+2ζ;0,q )∩(g-Es,2ζ,ζ˜;0,q) then ∂¯∗b ∂¯bu, ∂¯b∂¯∗bu,bu,δbu ∈ (g-A
±,sσ
ζ;0,q )∩(g-Es,0ζ,ζ˜;0,q),
where δb is an elliptic pertubation of b defined in §3.3.
Note on notation. In what follows we use notation A . B for A ≤ cB where c is a
constant depending on indices and cutoff functions of the space ‖·‖g-A±,sσ+a
ζ;0,q
and ‖·‖g-Esσ,a
ζ,ζ˜;0,q
such as s, so, a, g, ζ , σ but not on k.
3. A-priori estimates
In this section we establish the a-priori estimates for the system (∂¯b, ∂¯
∗
b ), b and 
δ
b
which are needed in the proofs of the main theorems.
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3.1. A-priori estimates for the system (∂¯b, ∂¯
∗
b ). The central of this subsection is to
prove the following a-priori estimates for the system (∂¯b, ∂¯
∗
b ) in the special norm ‖·‖g-A±,sσ
ζ
.
The proof of Theorem 1.2 is also given at the end of this subsection.
Theorem 3.1. Suppose that the σ-superlogarithmic property on (0, q0)-forms holds with
the pair of rates (f, f0). Then the following holds:
(i) For q ≥ q0, we have
‖u‖2
gf-A+,sσ
ζ
+ ‖u‖2
gf0 ln -∂bσyA
+,sσ
ζ
≤ c
(
‖∂¯bu‖2g-A+,sσ
ζ
+ ‖∂¯∗bu‖2g-A+,sσ
ζ
)
+ cs,g‖u‖2g-Es,0
ζ,ζ˜
. (3.1)
for all u ∈ (g-A+,sσ+1ζ;0,q ) ∩ (g-Es,1ζ,ζ˜;0,q).
(ii) For q ≤ n− q0, we have
‖u‖2
gf-A−,sσ
ζ
+ ‖u‖2
gf0 ln -∂¯bσ∧A
−,sσ
ζ
≤ c
(
‖∂¯bu‖2g-A−,sσ
ζ
+ ‖∂¯∗bu‖2g-A−,sσ
ζ
)
+ cs,g‖u‖2g-Es,0
ζ,ζ˜
. (3.2)
for all u ∈ (g-A−,sσ+1ζ;0,q ) ∩ (g-Es,1ζ,ζ˜;0,q).
The proof of this theorem is divided into four steps:
Step 1. We point out that if the σ-superlogarithmic property holds on (0, q0) forms then
it still holds on (0, q)-forms with q0 ≤ q ≤ n.
Step 2. Using the Kohn-Morrey-Ho¨rmander inequality in Proposition 2.1 and the estimate
of the Levi form (dθyT ·, ·)L2
λ
in Proposition 2.4, we obtain the estimate for each
atom ‖eksσu±ζ,k‖L2 of the full norm ‖·‖g-A±,sσ
ζ
. Indeed,
f 2(ek)‖eksσu+ζ,k‖2L2+k2f 20 (ek)‖eksσ∂bσyu+ζ,k‖2L2
≤ c (‖eksσ∂¯bu+ζ,k‖2L2 + ‖eksσ∂¯∗bu+ζ,k‖2L2)+ cs,re−k‖ζu‖2H−r (3.3)
for all u ∈ H−so0,q (M), s, r ∈ R+ with r ≥ so and q ≥ q0.
Step 3. A similar estimate for negative microlocalization is obtained by the aid of Hodge-∗
on complementary degree. In particular, (3.3) is equivalent to
f 2(ek)‖eksσu−ζ,k‖2L2+k2f 20 (ek)‖eksσ∂¯b ∧ u−ζ,k‖2L2
≤c (‖eksσ∂¯bu−ζ,k‖2L2 + ‖eksσ∂¯∗bu−ζ,k‖2L2)+ cs,re−k‖ζu‖2H−r (3.4)
for all u ∈ H−so0,q (M), s, r ∈ R+ with r ≥ so and q ≤ n− q0.
Step 4. Multiplying with g2(ek) to both sides of (3.3) and (3.4), and then taking summa-
tion over k, we get the desired estimates (3.1) and (3.2), respectively.
The proof of Step 1 immediately follows by following proposition.
Proposition 3.2. If the σ-superlogarithmic property holds on (0, q)-forms then it still
holds on (0, q + 1)-forms with the same rates.
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Remark 3.3. Let M be a nonnegative (1, 1)-form. It is obvious that the (f -M)-property
on (0, q)-forms implies the (f -M)-property on (0, q+1)-forms. However, in the definition
of the σ-superlogarithmic property, the Levi form Lσ is not a nonnegative (1, 1)-form in
general. So we have to give a direct proof for Proposition 3.2.
Proof. We assume that there exist functions f, f0 : R
+ → R+ with f, f0 ≫ 1 and a family
of smooth real-valued functions {λt}t≥1 defined on U such that{
〈(Lλt + tdθ)yv, v〉 ≥ f 20 (t)
(
ln t|〈Lσyv, v〉|+ ln2 t|∂bσyv|2
)
+ f 2(t)|v|2,
|Tm(λt)| ≤ cmtm2 , for all m ∈ N,
(3.5)
holds at any x ∈ U for all smooth (0, q)-forms v. Let u = ∑
L∈Iq+1
uLω¯L is a (0, q + 1)-form
defined in U . We rewrite u as a non-ordered sum
u =
1
(q + 1)!
∑
|L|=q+1
uLω¯L =
(−1)q
q + 1
n∑
l=1
( 1
q!
∑
|J |=q
ulJ ω¯J
)
∧ ω¯l.
For l = 1, . . . , n, we define a set of (0, q)-forms vl by
vl :=
1
q!
∑
|J |=q
ulJ ω¯J =
∑
J∈Iq
ulJ ω¯J .
It is easy to check that
n∑
l=1
|vl|2 = (q + 1)|u|2;
n∑
l=1
|λyvl|2 = q|λyu|2 if λ is a (1, 0)-form;
n∑
l=1
〈λyvl, vl〉 = q〈λyu, u〉 if λ is a (1, 1)-form.
Thus,
n∑
l=1
(
f 20 (t)
(
ln t|〈Lσyvl, vl〉|+ ln2 t|∂bσyvl|2
)
+ f 2(t)|vl|2
)
= qf 20 (t)
(
ln t|〈Lσyu, u〉|+ ln2 t|∂bσyu|2
)
+ (q + 1)f 2(t)|u|2.
(3.6)
Substituting v = vl into (3.5) and taking summation over l, to get
n∑
l=1
(
f 20 (t)
(
ln t|〈Lσyvl, vl〉|+ ln2 t|∂bσyvl|2
)
+ f 2(t)|vl|2
)
≤
n∑
l=1
(
〈(Lλt + tdθ)yvl, vl〉
)
= q 〈(Lλt + tdθ)yu, u〉 .
(3.7)
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From (3.6) and (3.7), the σ-superlogarithmic property on (0, q + 1)-forms holds.

The second step in the proof of Theorem 3.1 is contained in the following proposition.
Proposition 3.4. Suppose that the σ-superlogarithmic property with the pair of rates
(f, f0) holds on (0, q)-forms. Then
f 2(ek)‖eksσu+ζ,k‖2L2+k2f 20 (ek)‖∂bσyeksσu+ζ,k‖2L2
≤c (‖eksσ∂¯bu+ζ,k‖2L2 + ‖eksσ∂¯∗bu+ζ,k‖2L2)+ cs,re−k‖ζu‖2H−r , (3.8)
for all u ∈ H−so0,q (M), k = 1, 2 . . . , and s, r ∈ R with r ≥ so, where c and cs,r are
independent of k.
Proof. Assume that for any t ≥ 1 there exists a real-valued function λt smooth in a
neighborhood of supp(σ) such that{
〈(Lλt + tdθ)yu, u〉 ≥ f 20 (t)
(
ln t|〈Lσyu, u〉|+ ln2 t|∂bσyu|2
)
+ f 2(t)|u|2,
|Tm(λt)| ≤ cmtm2 for all m ∈ N,
(3.9)
for all u ∈ C∞0,q(M). We are going to apply Proposition 2.1 and 2.4 for
λ := λk,s := χ(λek)− 2ksσ
where χ : R+ → R+ is a smooth function and will be chosen later. By the definition of
Lλ, we have
Lλ = χ˙Lλ
ek
+ χ¨∂b(λek) ∧ ∂¯b(λek)− 2skLσ,
and hence
〈Lλyu, u〉 = χ˙〈Lλ
ek
yu, u〉+ χ¨|∂bλekyu|2 − 2sk〈Lσyu, u〉. (3.10)
On other hand, it follows from (2.9),
∂¯∗b,λu = ∂¯
∗
bu− ∂bλyu = ∂¯∗bu− χ˙∂bλekyu+ 2sk∂bσyu. (3.11)
Thus we get from Proposition 2.1 applied to u+ζ,k ∈ C∞0,q(M) supported in U (by Remark
2.3), under the choice of the weight λ := λk,s and taking into account (3.10) and (3.11),
‖e−λ2 ∂¯bu+ζ,k‖2L2+3‖e−
λ
2 ∂¯∗bu
+
ζ,k‖2L2 + c‖e−
λ
2 u+ζ,k‖2L2
≥Re
∫
M
[
χ˙〈Lλ
ek
yu+ζ,k, u
+
ζ,k〉+ χ¨|∂bλekyu+ζ,k|2 + 〈dθyTu+ζ,k, u+ζ,k〉
]
e−λdV
−
∫
M
[
2sk〈Lσyu+ζ,k, u+ζ,k〉+ 3χ˙2|∂bλekyu+ζ,k|2 + 12s2k2|∂bσyu+ζ,k|2
]
e−λdS.
(3.12)
Since λek is uniformly bounded, we can assume that −1 ≤ λek ≤ 0. We choose χ(a) = 13ea.
If follows:(i) χ¨ ≥ 3χ˙2 so we can remove the term involving |∂bλekyu+ζ,k|2; (ii) by the second
line of 3.9 it follows
|λ| ≤ c0,sk and |Tm(λ)| ≤ cm,semk2 ,
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so we can use Proposition 2.4 for to estimate the Levi form 〈dθyT ·, ·〉 as
Re
∫
M
〈dθyTu+ζ,k, u+ζ,k〉e−λdV ≥
1
2
ek
∫
M
〈dθyu+ζ,k, u+ζ,k〉e−λdV − c‖e
λ
2 u+ζ,k‖2− cr,se−k‖ζu‖2H−r ;
(iii) e−χ ≈ 1 and χ˙ & 1, so we remove the factor e−χ in e−λ = e−χ+2ksσ. We can conclude
that
‖eskσ∂¯bu+ζ,k‖2L2+‖eskσ∂¯∗b,u+ζ,k‖2L2 + cs,re−k‖ζu‖2H−r
≥c
∫
M
[
〈Lλ
ek
yu+ζ,k, u
+
ζ,k〉+
1
2
ek〈dθyu+ζ,k, u+ζ,k〉
]
e2skσdV
− C
∫
M
[|u+ζ,k|2 + 12s2k2|∂bσyu+ζ,k|2 + sk〈Lσyu+ζ,k, u+ζ,k〉] e2skσdV
≥c′
(
f 2(ek)‖eksσu+ζ,k‖2L2 + k2f 20 (ek)‖∂bσyeksσu+ζ,k‖2L2 + kf 20 (ek)
∫
M
|〈Lσyu+ζ,k, u+ζ,k〉|e2ksσdV
)
− C
∫
M
[|u+ζ,k|2 + 12s2k2|∂bσyu+ζ,k|2 + sk〈Lσyu+ζ,k, u+ζ,k〉] e2skσdV.
(3.13)
where the last inequality follows the first line of (3.9) for t = ek. We obtain the desired
inequality since the last line is absorbed by the line before for large k since both f, f0 ≫ 1,
otherwise it is absorbed by cs,re
−k‖ζu‖2H−r . 
The estimates for positive and negative microlocalizations are related, in complementary
degree, by the aid of the Hodge-∗ theory.
Proposition 3.5. Fix 1 ≤ q ≤ n and r ≥ so. The estimates
cs,re
−k‖ζu‖2H−r+c
(‖eksσ∂¯bu+ζ,k‖2L2 + ‖eksσ∂¯∗bu+ζ,k‖2L2)
≥ f 2(ek)‖eksσu+ζ,k‖2L2 + f 20 (ek)k2‖∂bσyeksσu+ζ,k‖2L2
(3.14)
for all u ∈ H−so0,q (M) and
cs,re
−k‖ζu‖2H−r+c
(‖eksσ∂¯bu−ζ,k‖2L2 + ‖eksσ∂¯∗bu−ζ,k‖2L2)
≥ f 2(ek)‖eksσu−ζ,k‖2L2 + f 20 (ek)k2‖∂¯bσ ∧ eksσu−ζ,k‖2L2
(3.15)
for all u ∈ H−so0,n−q(M) are equivalent.
Proof. We only need to prove (3.14) =⇒ (3.15) since the reversed direction follows anal-
ogously. We define the local conjugate-linear duality map F n−q : C∞0,n−q(M) → C∞0,q(M)
as follows. If u =
∑′
|J |=n−q
uJ ω¯J then
F n−qu =
∑
ǫ
{J,J ′}
{1,...,n}u¯J ω¯J ′,
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where J ′ denotes the strictly increasing q-tuple consisting of all integers in [1, n] which do
not belong to J and ǫJ,J
′
{1,n} is the sign of the permutation {J, J ′} ∼ {1, . . . , n}.
By this definition, F qF n−qu = u, ‖eksσF n−qu‖ = ‖eksσu‖ and furthermore
∂¯bF
n−qu = F n−q−1
(
∂¯∗bu+ · · ·
)
,
∂¯∗bF
n−qu = F n−q+1
(
∂¯bu+ · · ·
)
,
∂bσyF
n−qu = F n−q+1(∂¯bσ ∧ u),
for any (0, n − q)-form u supported in U , where dots refers the term in which u is not
differentiated. It follows{
‖eksσ∂¯bF n−qu‖2 + ‖eksσ∂¯∗bF n−qu‖2 ≤ 2(‖eksσ∂¯bu‖2 + ‖eksσ∂¯∗bu‖2) + C‖eksσu‖2
‖eksσF n−qu‖+ k2‖eksσ∂bσyF n−qu‖ = ‖eksσu‖+ ‖eksσ∂¯bσ ∧ u‖2.
(3.16)
On the other hand for each coefficient u−k,J of u
−
ζ,k. we have
u−k,J(x) =(ζΓ
−
kΨ
−
k ζuJ)(x)
=(2π)2n+1ζ(x)
∫
R
2n+1
ξ
eixξγk(ξ)ψ−(ξ)
∫
R
2n+1
y
e−iyξ(ζuJ)(y)dydξ
=(2π)2n+1ζ(x)
∫
R
2n+1
ξ
e−ixξγ(−ekξ2n+1)ψ(−ξ)
∫
R
2n+1
y
eiyξ(ζuJ)(y)dydξ
ξ:=−ξ
= − (−2π)2n+1ζ(x)
∫
R
2n+1
ξ
eixξγ(ekξ2n+1)ψ(ξ)
∫
R
2n+1
y
e−iyξζ(y)uJ(y)dydξ
=− (−2π)2n+1ζ(x)
∫
R
2n+1
ξ
eixξγk(ξ2n+1)ψ
+(ξ)
∫
R
2n+1
y
e−iyξ(ζu¯J)(y)dydξ
=− (ζΓ+kΨ+ζv¯)(x) = −u¯+k,J(x),
(3.17)
and hence F n−q(u−ζ,k) = −(F n−qu)+k is a positive microlocalized (0, q)-form supported on
U . So we apply (3.14) for F n−q(u−ζ,k) together with (3.16) for u replaced by u
−
ζ,k, we get
(3.15). The proof of Proposition 3.5 is complete.

Now we are ready to get the complete the proof of Theorem 3.1.
End proof of Theorem 3.1. Using the estimate (3.3) for k = 1, 2, . . . with the choice of r
such that t−r ≤ g(t) for all t, we multiply by g2(ek) and sum over k to establish
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‖u‖2
gf -A+,sσ
ζ
+ ‖u‖2
gf0 ln -∂bσyA
+,sσ
ζ
=
n∑
k=1
g2(ek)
(
f 2(ek)‖eksσu+ζ,k‖2L2 + f 20 (ek)k2‖∂σyeksσu+ζ,k‖2L2
)
≤c
n∑
k=1
g2(ek)
(
‖eksσ∂¯bu+ζ,k‖2L2 + ‖eksσ∂¯∗bu+ζ,k‖2L2 + cs,ge−k‖g(Λ)ζu‖2L2
)
≤c
n∑
k=1
g2(ek)
(
‖eksσ(∂¯bu)+ζ,k‖2L2 + ‖eksσ(∂¯∗bu)+ζ,k‖2L2
+ ‖eksσ[ζΓkΨ+ζ, ∂¯b]u‖2L2 + ‖eksσ[ζΓkΨ+ζ, ∂¯∗b ]u‖2L2 + cs,ge−k‖g(Λ)ζu‖2L2
)
≤c
(
‖∂¯bu‖2g-A+,sσ
ζ
+ ‖∂¯∗bu‖2g-A+,sσ
ζ
)
+ cs,g
(
‖u‖2
g-A+,sσ
ζ
+ ‖u‖2
g-Es,0
ζ,ζ˜
)
,
(3.18)
where the last inequality follows by Lemma 2.5. Since f ≫ 1, the term cs,g‖u‖2g-A+,sσ
ζ
can be absorbed by ‖u‖2
gf -A+,sσ
ζ
in the first line of (3.18). Then the desired estimate (3.3)
follows. The negative microlocal estimate (3.4) is proved analogously. 
We also have a proof of Theorem 1.2 as a consequence of Remark 3.3 and Proposi-
tions 3.4 and 3.5 as follows.
Proof of Theorem 1.2. By Remark 3.3 the (f -M) property holds on (0, q)-forms with
q ≥ q0. Similar to the argument in Proposition 3.4 but with simpler calculation by the
choice of weight λ = χ(λek), we get the (f -M)-estimate for each u+ζ,k as
f(ek)2(Myu+ζ,k, u+ζ,k)L2 . ‖∂¯bu+ζ,k‖2L2 + ‖∂¯∗bu+ζ,k‖2L2 + ‖u+ζ,k‖2L2 + e−k‖ζu‖2H−1. (3.19)
for u ∈ C∞0,q(M). In order to get the estimate for full u+ζ := ζΨ+ζu, we first decompose
u+ζ =
∑∞
k=0 u
+
ζ,k and hence
(Myf(Λ)u+ζ , f(Λ)u+ζ )L2 =
∑
k,kˆ
(Myf(Λ)u+ζ,k, f(Λ)u+ζ,kˆ)L2 . (3.20)
We first consider the case |k − kˆ| ≥ 3. In this case we have supp(γk) ∩ supp(γkˆ) = ∅ and
hence, by the argument in Lemma 5.5 below we can get∣∣∣(Myf(Λ)u+ζ,k, f(Λ)u+ζ,kˆ)L2∣∣∣ . e−(k+kˆ)‖ζu‖2H−1 for all |k − kˆ| ≥ 3.
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Otherwise for |k− kˆ| ≤ 3, we use the Cauchy-Schwarz inequality since the Hermitian form
(My·, ·) is nonnegative. Therefore we obtain
(Myf(Λ)u+ζ , f(Λ)u+ζ )L2 .
∞∑
k=1
(
(Myf(Λ)u+ζ,k, f(Λ)u+ζ,k)L2 + e−k‖ζu‖2H−1
)
.
G˚arding’s inequality
∞∑
k=1
(
f 2(ek)(Myu+ζ,k, u+ζ,k)L2 + ‖u+ζ,k‖2L2 + e−k‖ζu‖2H−1
)
.
by (3.19)
∞∑
k=1
(
‖∂¯bu+ζ,k‖2L2 + ‖∂¯∗bu+ζ,k‖2L2 + ‖u+ζ,k‖2L2 + e−k‖ζu‖2−1
)
.
by Lemma 2.5
‖∂¯bu+ζ ‖2L2 + ‖∂¯∗bu+ζ ‖2L2 + ‖ζ˜u‖2L2
(3.21)
for all u ∈ C∞0,q(M), where ζ˜ ≻ ζ . By [Kha16, Theorem 5] (or analogous proof of Propo-
sition 3.5), (3.21) is equivalent to
‖
√
Tr(M)× f(Λ)u−ζ ‖2L2 − (Myf(Λ)u−ζ , f(Λ)u−ζ )L2 .‖∂¯bu−ζ ‖2L2 + ‖∂¯∗bu−ζ ‖2L2 + ‖ζ˜u‖2L2 .
(3.22)
for all u ∈ C∞0,q(M) with q ≤ n− q0. This is complete the proof of Theorem 1.2. 
3.2. A-priori estimates for b. We need technique lemmas before going estimates for
b in our norms.
Lemma 3.6. Let a ≥ 0 and ǫ > 0. Then, there exists cǫ such that the following holds.
(i) for v ∈ (g-A+,sσ+aζ;0,q−1) ∩ (g-Es,aζ,ζ˜;0,q−1) and w ∈ (g-A+,sσ+1−aζ;0,q ) ∩ (g-Es,−aζ,ζ˜;0,q), we have∣∣∣Re{(v, ∂¯∗bw)g-A+,sσ
ζ
− (∂¯bv, w)g-A+,sσ
ζ
}∣∣∣ ≤ ǫ(‖v‖2
g-A+,sσ+a
ζ
+ ‖v‖2g-Es,a
ζ,ζ˜
)
+cǫ
(
‖w‖2
g-A+,sσ−a
ζ
+ ‖w‖2
g ln -∂bσyA
+,sσ−a
ζ
+ ‖w‖2
g-Es,−a
ζ,ζ˜
) (3.23)
(ii) For v ∈ (g-A−,sσ+aζ;0,q−1)∩(g-Es,aζ,ζ˜;0,q−1) and w ∈ (g-A−,sσ+1−aζ;0,q )∩(g-Es,−aζ,ζ˜;0,q), we have∣∣∣Re{(v, ∂¯bw)g-A−,sσ
ζ
− (∂¯∗b v, w)g-A−,sσ
ζ
}∣∣∣ ≤ ǫ(‖v‖2
g-A−,sσ+a
ζ
+ ‖v‖2g-Es,a
ζ,ζ˜
)
+cǫ
(
‖w‖2
g-A−,sσ−a
ζ
+ ‖w‖2
g ln -∂¯bσ∧A
−,sσ−a
ζ
+ ‖w‖2
g-Es,−a
ζ,ζ˜
)
.
(3.24)
THE KOHN-LAPLACE EQUATION ON ABSTRACT CR MANIFOLDS: LOCAL REGULARITY 25
Proof. We first work on each atom of the inner product (·, ·)g-A+,sσ
ζ
,∣∣(e2ksσv+ζ,k, (∂¯∗bw)+ζ,+)L2 − (e2ksσ(∂¯bv)+ζ,k, w+ζ,k)L2∣∣
=
∣∣(e2ksσ[∂¯b, ζΓkΨ+ζ ]v, w+ζ,k)L2 + (v+ζ,k, [e2ks, ∂¯∗b ]w+ζ,k)L2 + (e2ksσv+ζ,k, [ζΓkΨ+ζ, ∂¯∗b ]w)L2∣∣
≤ǫ (‖ek(sσ+a)[∂¯b, ζΓkΨ+ζ ]v‖2L2 + ‖ek(sσ+a)v+ζ,+‖2L2)
+ cǫ
(‖ek(sσ−a)w+ζ,k‖2L2 + k2‖ek(sσ−a∂bσyw+ζ,k‖2L2 + ‖ek(sσ−a)[ζΓkΨ+ζ, ∂¯∗b ]w‖2L2) .
(3.25)
Now multiply both sides (3.25) by g2(ek) and sum over k. The desired estimate (3.23)
follows by the estimates of commutator in Lemma 2.5. The desired estimate (3.24) is
proved analogously. 
Lemma 3.7. Suppose that the σ-superlogarithmic property with the pair of rates (f, f0)
holds on (0, q)-forms. Then the following holds:
(i) For q ≥ q0, we have
‖u‖2
gf-A+,sσ
ζ
+‖u‖2
gf0 ln -∂bσyA
+,sσ
ζ
+ ‖∂¯∗bu‖2g-A+,sσ
ζ
.Re (∂¯b∂¯
∗
bu, u)g-A+,sσ
ζ
+ ‖∂¯bu‖2g-A+,sσ
ζ
+ ‖u‖2
g-Es,1
ζ,ζ˜
,
for all u ∈ (g-A+,sσ+1ζ;0,q ) ∩ (g-Es,1ζ,ζ˜;0,q).
(ii) For q ≤ n− q0, we have
‖u‖2
gf-A−,sσ
ζ
+‖u‖2gf0 ln -∂¯bσ∧A,sσζ + ‖∂¯bu‖
2
g-A−,sσ
ζ
.Re (∂¯∗b ∂¯bu, u)g-A−,sσ
ζ
+ ‖∂¯bu∗‖2g-A−,sσ
ζ
+ ‖u‖2
g-Es,1
ζ,ζ˜
,
for all u ∈ (g-A−,sσ+1ζ;0,q ) ∩ (g-Es,1ζ,ζ˜;0,q) with q ≤ n− q0.
Proof. Using Lemma 3.6 for v = ∂¯∗u and w = u with the choice a = 0, we get
‖∂¯∗bu‖2g-A+,sσ
ζ
=Re
(
∂¯∗bu, ∂¯
∗
bu
)
g-A+,sσ
ζ
≤Re (∂¯b∂¯∗bu, u)g-A+,sσ
ζ
+
∣∣∣Re (∂¯∗bu, ∂¯∗bu)g-A+,sσ
ζ
− Re (∂¯b∂¯∗bu, u)g-A+,sσ
ζ
∣∣∣
≤Re (∂¯b∂¯∗bu, u)g-A+,sσ
ζ
+ ǫ
(
‖∂¯∗bu‖2g-A+,sσ
ζ
+ ‖∂¯∗bu‖2g-Es,0
ζ,ζ˜
)
+ cǫ
(
‖u‖2
g-A+,sσ
ζ
+ ‖u‖2
g ln -∂bσyA
+,sσ
ζ
+ ‖u‖2
g-Es,0
ζ,ζ˜
)
.
(3.26)
First, we see that for small ǫ > 0, the term ‖∂¯∗bu‖2g-A+,sσ
ζ
in the third line of (3.26) is
absorbed. Then, adding ‖∂¯bu‖2g-A+,sσ
ζ
to both sides of (3.26) and applying Theorem 3.1, we
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absorb cǫ
(
‖u‖2
g-A+,sσ
ζ
+ ‖u‖2
g ln -∂bσyA
+,sσ
ζ
)
by ‖u‖2
gf -A+,sσ
ζ
+‖u‖2
gf0 ln -∂bσyA
+,sσ
ζ
since f, f0 ≫ 1.
Therefore, the remainder terms, after absorbing, are Re (∂¯b∂¯
∗
bu, u)g-A+,sσ
ζ
+‖∂¯bu‖2g-A+,sσ
ζ
and
terms in the error norm ‖·‖2
g-Es,0
ζ,ζ˜
. Finally, we notice that all terms in the error norm are
bounded by ‖u‖2
g-Es,1
ζ,ζ˜
. This proves the first estimate in Lemma 3.6. The proof of the second
follows analogously. 
The main theorem in this subsection is the a-priori estimates forb on±-microlocalizations
of (0, q)-forms in the norm ‖·‖g-A±,sσ
ζ
.
Theorem 3.8. Suppose that the σ-superlogarithmic property on (0, qo)-forms with the
pair of rates (f, f0) holds. Then, for s, r ∈ R+ with r ≥ so + 2, the following holds.
(i) For u ∈ A+,sσ+2−rζ;0,q ∩ Es,2−rζ,ζ˜;0,q with q ≥ q0, we have
‖u‖2
f2-A+,sσ−r
ζ
+ ‖∂¯bu‖2f-A+,sσ−r
ζ
+ ‖∂¯∗bu‖2f-A+,sσ−r
ζ
+‖∂¯∗b ∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯b∂¯∗bu‖2A+,sσ−r
ζ
‖u‖2
ff0 ln -∂bσyA
+,sσ−r
ζ
+ ‖∂¯bu‖2f0 ln -∂bσyA+,sσ−rζ .‖bu‖
2
A+,sσ−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
.
(ii) For u ∈ A−,sσ+2−rζ;0,q ∩ Es,2−rζ,ζ˜;0,q with q ≤ n− q0, we have
‖u‖2
f2-A−,sσ−r
ζ
+ ‖∂¯bu‖2f-A−,sσ−r
ζ
+ ‖∂¯∗bu‖2f-A−,sσ−r
ζ
+‖∂¯∗b ∂¯bu‖2A−,sσ−r
ζ
+ ‖∂¯b∂¯∗bu‖2A−,sσ−r
ζ
‖u‖2
ff0 ln -∂¯bσ∧A
−,sσ−r
ζ
+ ‖∂¯∗bu‖2f0 ln -∂¯bσ∧A−,sσ−rζ .‖bu‖
2
A−,sσ−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
.
Proof. We only need to prove the positive microlocalization since the negative microlocal-
ization follows analogously. Combining the estimate (3.1) in Theorem 3.1 with ∂¯bu sub-
stituted in for “u” and Lemma 3.7(i) with the choice g(t) = t−rf(t) for some r ≥ so + 2,
we get
‖u‖2
f2-A+,sσ−r
ζ
+‖∂¯∗bu‖2f -A+,sσ−r
ζ
+ ‖∂¯bu‖2f -A+,sσ−r
ζ
+ ‖∂¯bu‖2f0 ln -∂bσyA+,sσ−rζ
+‖u‖2
ff0 ln -∂bσyA
+,sσ−r
ζ
+ ‖∂¯bu‖2f0 ln -∂bσyA+,sσ−rζ
. Re (∂¯b∂¯
∗
bu, u)f -A+,sσ−r
ζ
+ ‖∂¯∗b ∂¯bu‖2A+,sσ−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
.
(3.27)
Using the Cauchy-Schwarz inequality,∣∣∣Re (∂¯b∂¯∗bu, u)f -A+,sσ−r
ζ
∣∣∣ ≤ ǫ‖u‖2
f2-A+,sσ−r
ζ
+ cǫ‖∂¯b∂¯∗bu‖2A+,sσ−r
ζ
,
and absorbing ‖u‖2
f2-A+,sσ−r
ζ
, we only need to bound ‖∂¯∗b ∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯b∂¯∗bu‖2A+,sσ−r
ζ
. By
the definition of b, it is easy to see that
‖∂¯∗b ∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯b∂¯∗bu‖2A+,sσ−r
ζ
= ‖bu‖2A+,sσ−r
ζ
− 2Re(∂¯b∂¯∗bu, ∂¯∗b ∂¯bu)A+,sσ−r
ζ
(3.28)
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For the last term, we apply again Lemma 3.7(i) for v = ∂¯b∂¯
∗
bu and w = ∂¯bu with the
choice g(t) = t−r and a = 0 , since ∂¯bv = ∂¯b∂¯b∂¯
∗
bu = 0 it follows∣∣∣Re(∂¯b∂¯∗bu, ∂¯∗b ∂¯bu)A+,sσ−r
ζ
∣∣∣ ≤ ǫ(‖∂¯b∂¯∗bu‖2A+,sσ−r
ζ
+ ‖∂¯b∂¯∗bu‖2Es,−r
ζ,ζ˜
)
+ cǫ
(
‖∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2ln -∂bσyA+,sσ−rζ + ‖∂¯bu‖
2
Es,−r
ζ,ζ˜
)
.
(3.29)
From (3.27), (3.28), (3.29), and all terms in the error norms are bounded by ‖u‖Es,2−r
ζ,ζ˜
, we
obtain the desired inequality. It completes the proof of Theorem 3.8. 
3.3. A-priori estimates for δb. For δ > 0, we set
δb := b + δ (d + I) ,
where d := d
∗d+dd∗ is the elliptic operator associated to the de Rham exterior derivative
d. We will give more discussion on δb in the next section. By the ellipticity of d, we
have the following equivalences
‖u‖2
A+,sσ+2−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
≈‖du‖2
A+,sσ+1−r
ζ
+ ‖d∗u‖2
A+,sσ+1−r
ζ
+ ‖u‖2
A+,sσ+1−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
≈((d + I)u, u)2A+,sσ+1−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
≈‖((d + I)u‖2A+,sσ−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
(3.30)
for any u ∈ A+,sσ+2−rζ;0,q ∩ Es,2−rζ,ζ˜;0,q and 0 ≤ q ≤ n. The boundedness of b by δb is given in
the following lemma.
Lemma 3.9. Suppose that the σ-superlogarithmic property on (0, q0)-forms holds. Then
the following holds uniformly in δ.
(i) For u ∈ A+,sσ+2−rζ;0,q ∩ Es,2−rζ,ζ˜;0,q with q ≥ q0, we have
‖bu‖2A+,sσ−r
ζ
. ‖δbu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2ln -∂bσyA+,sσ−rζ + ‖u‖
2
Es,2−r
ζ,ζ˜
.
ii. For u ∈ A−,sσ+2−rζ;0,q ∩ Es,2−rζ,ζ˜;0,q with q ≤ n− q0, we have
‖bu‖2A−,sσ−r
ζ
. ‖δbu‖2A−,sσ−r
ζ
+ ‖∂¯∗bu‖2A−,sσ−r
ζ
+ ‖∂¯∗bu‖2ln -∂¯bσ∧A−,sσ−rζ + ‖u‖
2
Es,2−r
ζ,ζ˜
.
Proof. Now, we use Lemma 3.7.(i) for the choice g(t) = t−r+1 to get
‖∂¯∗bu‖2A+,sσ−r+1
ζ
≤ Re (∂¯b∂¯∗bu, u)A+,sσ−r+1
ζ
+ ‖∂¯bu‖2A+,sσ−r+1
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
(3.31)
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To estimate ‖∂¯bu‖2A+,sσ−r+1
ζ
, we apply Lemma 3.6.(i) for v = u and w = ∂¯bu with the choice
g(t) = t−r+1 and a = 1, ǫ := ǫδ to obtain
‖∂¯bu‖2A+,sσ−r+1
ζ
=Re (∂¯bu, ∂¯bu)A+,sσ−r+1
ζ
≤Re (∂¯∗b ∂¯bu, u)A+,sσ−r+1 + ǫδ
(
‖u‖2
A+,sσ−r+2
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
)
+ cǫδ
−1
(
‖∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2ln -∂bσyA+,sσ−rζ + ‖∂¯bu‖
2
Es,−r
ζ
)
.
(3.32)
Combining (3.31) and (3.32), we get
‖∂¯∗bu‖2A+,sσ−r+1
ζ
≤Re (bu, u)A+,sσ−r+1
ζ
+ ǫδ‖u‖2
A+,sσ−r+2
ζ
cǫδ
−1
(
‖∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2ln -∂bσyA+,sσ−rζ + ‖u‖
2
Es,2−r
ζ,ζ˜
)
.
(3.33)
Adding (δ(d + I)u, u)A+,sσ+1−r
ζ
into both sides of (3.33) , after that using the Cauchy-
Schwarz inequality for Re (δbu, u)A+,sσ−r+1
ζ
, and then multiplying with δ, we obtain
δ2((d + I)u, u)A+,sσ+1−r
ζ
+ δ‖∂¯∗bu‖2A+,sσ−r+1
ζ
≤ 2ǫδ2‖u‖2
A+,sσ−r+2
ζ
+ cǫ
(
‖δbu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2ln -∂bσyA+,sσ−rζ + ‖u‖
2
Es,2−r
ζ,ζ˜
)
.
(3.34)
Using (3.30) to absorb the first term in the second line of (3.34), we get the estimate for
δ2(d + I) in the following inequality
δ2‖(d + I)u‖2A+,sσ−r
ζ
. ‖δbu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2A+,sσ−r
ζ
+ ‖∂¯bu‖2ln -∂bσyA+,sσ−rζ + ‖u‖
2
Es,2−r
ζ,ζ˜
.
The proof of the first part of this lemma is complete by the simple inequality
‖bu‖2A+,sσ−r
ζ
≤ 2δ2‖(d + I)u‖2A+,sσ−r
ζ
+ ‖δbu‖2A+,sσ−r
ζ
.
The proof of the second part goes in analogously way. 
The estimates for elliptic regularization method follows immediately by Theorem 3.8
and Lemma 3.9.
Theorem 3.10. Suppose that the σ-superlogarithmic property on (0, qo)-forms holds.
Then, the following holds uniformly in δ.
(i) For any u ∈ A+,sσ+2−rζ;0,q ∩ Es,2−rζ,ζ˜;0,q with q ≥ q0, we have
‖u‖2
A+,sσ−r
ζ
.‖δbu‖2A+,sσ−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
.
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ii. For any u ∈ A−,sσ+2−rζ;0,q ∩ Es,2−rζ,ζ˜;0,q with q ≥ q0, we have
‖u‖2
A−,sσ−r
ζ
.‖δbu‖2A+,sσ−r
ζ
+ ‖u‖2
Es,2−r
ζ,ζ˜
.
We finish this section by the elliptic estimate for 0-microlocalization.
Proposition 3.11. Let Ψ00 ≺ Ψ01 be a pair of homogeneous pseudodifferential operators
of order zero whose symbols have support in in C0 and let ζ ≺ ζ1 ≺ ζ2 be a triple of cutoff
functions. Then, for any s, so ≥ 0 and δ ≥ 0, we have
‖Ψ00ζu‖2Hs+1 . ‖Ψ01ζ1∂¯bu‖2Hs + ‖Ψ01ζ1∂¯∗bu‖2Hs + ‖ζ2u‖2H−so , (3.35)
‖Ψ00ζu‖2Hs+2 . ‖Ψ01ζ1bu‖2Hs + ‖ζ2u‖2H−so , (3.36)
‖Ψ00ζu‖2Hs+2 . ‖Ψ01ζ1δbu‖2Hs + ‖ζ2u‖2H−so , (3.37)
for all u ∈ C∞0,q(supp(ζ1)) ∩H−so0,q (M) with any 0 ≤ q ≤ n.
The proof of this proposition is omitted since it follows straightforwardly from the
elliptic estimate for 0-microlocal.
4. Proof of the main theorems
4.1. Local regularity of the complex Green operator. Let Qb be defined by
Qb(u, u) = ‖∂¯bu‖2 + ‖∂¯∗bu‖2, u ∈ Dom(∂¯b) ∩ Dom(∂¯b).
The closed range of ∂¯b in L
2-spaces for all degrees of forms implies that
‖u‖2 ≤ c (Qb(u, u) + ‖Hqu‖2) , (4.1)
for all (0, q) forms u ∈ Dom(∂¯b) ∩ Dom(∂¯∗b ) ∩ L20,q(M) where Hq is the project onto H0,q
and 0 ≤ q ≤ n. Here we recall that H0,q is the space of harmonic forms of degree (0, q).
As a consequence of (4.1), b is invertible over H⊥0,q and its inverse Gq is L2 bounded. as
mentioned in Section 1, we extend the operator Gq to a linear operator on L
2
0,q(M) be
setting it equal to zero on H0,q. Then Gq is bounded and self adjoint in L20,q(M), and
bGq = I −Hq.
As a consequence from the L2 boundedness of Gq, the related operators ∂¯
∗
bGq , Gq∂¯
∗,
∂¯bGq, Gq∂¯b, I − ∂¯∗b ∂¯bGq, I − ∂¯∗bGq∂¯b, I − ∂¯b∂¯∗bGq, I − ∂¯bGq∂¯∗b , ∂¯bG2q∂¯∗b and ∂¯∗bG2q ∂¯b are also
L2 bounded.
For higher regularity of Gq, by Theorem 3.8, Proposition 3.11 and the comparison of
the ‖·‖Asσ
ζ
with ‖ζ0·‖Hs and ‖ζ1·‖Hs and the the choice of cutoff functions ζ0 ≺ σ ≺ ζ ≺
ζ˜ ≺ ζ1 ≺ ζ2 , we obtain the a-priori estimate in Hs: for any s ≥ 0, there exists cs > 0 so
that for every (0, q) form u smooth in U ,
‖ζ0u‖2Hs ≤ cs
(‖ζ1bu‖2Hs + ‖u‖2L2) .
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for all u ∈ C∞0,q(supp(ζ1)) ∩ L20,q(M) with q0 ≤ q ≤ n − q0. Unlike the L2-estimate (4.1),
this does not imply ζ0Gqϕ ∈ Hs0,q(M) for ϕ ∈ Hs0,q(supp(ζ1)) ∩ L20,q(M) since we do not
know whether u = Gqϕ ∈ Asσζ;0,q even that ϕ is smooth. We need to work with the family
of regularized operators Gδq defined as follows.
For a small δ > 0, we define
Qδb(u, v) := Qb(u, v) + δQd(u, v) u, v ∈ H10,q(M),
whereQd(u, v) = (du, dv)+(d
∗u, d∗v)+(u, v) the Hermitian inner product associated to the
de Rham exterior derivative d. This quadratic form Qδb gives a unique, self-adjoint in L
2,
elliptic operator δb := b+δ (d + I) which is mentioned in §3.3. Since δ‖u‖2 ≤ Qδb(u, u)
for all u ∈ H10,q(M), δb has an inverse Gδq such that
δbG
δ
q = I since ker(
δ
b) = {0}.
Furthermore, by the theory of elliptic regularity, it is well-known that Gδq is locally regular.
More precisely, if ϕ ∈ L20,q(M) ∩Hs0,q(V ) then Gδqϕ ∈ Hs+20,q (V ) for any open set V of M .
Consequently, Gδq is globally regular, i.e., its mapping is continuous in C
∞
0,q(M).
Let H−∞0,q (M) = ∪s∈RHs0,q(M) be the dual space of C∞0,q(M). Since Gδq is self-adjoint and
its mapping is continuous in the C∞0,q(M) topology, it extends to a continuous in the space
H−∞0,q (M). Thus, the local regularity property can be replaced as: if ϕ ∈ H−∞0,q (M)∩Hs0,q(V )
then Gδqϕ ∈ Hs+20,q (V ) for any open set V of M . The following proposition is to show that
Gqϕ ∈ A±,sσ−rζ by the advantage of Gδqϕ.
Theorem 4.1. Suppose that the σ-superlogarithmic property on (0, q0)-forms holds and
σ ≺ ζ ≺ ζ˜ ≺ ζ1 ≺ ζ2. Let ϕ ∈ H−∞0,q (M) ∩ C∞0,q(supp(ζ1)) such that ‖ζ2Gδqϕ‖2H−so < ∞
uniformly in δ for some s0 ≥ 0. Then, for any r ≥ so + 2 and s ≥ 0, we have
(i) Gqϕ ∈ A+,sσ−rζ;0,q for q0 ≤ q ≤ n;
(ii) Gqϕ ∈ A−,sσ−rζ;0,q for 0 ≤ q ≤ n− q0;
(iii) Gqϕ ∈ Es,−rζ,ζ˜;0,q for all q = 0, . . . , n.
Proof. By the local regularity of Gδq, we have G
δ
qϕ ∈ C∞0,q(supp(ζ1)). Consequently, Gδqϕ ∈
A+,sσ−r+2ζ;0,q ∩ Es,−r+2ζ,ζ˜;0,q for all s, r ≥ 0 with r ≥ so + 2. So we can apply Theorem 3.10(i) and
Proposition 3.11(iii) for u = Gδqϕ with q ≥ qo to get the uniform estimate in δ
‖Gδqϕ‖2A+,sσ−r
ζ
.‖ϕ‖2
A+,sσ−r
ζ
+ ‖Gδqϕ‖2Es,−r+2
ζ,ζ˜
=‖ϕ‖2
A+,sσ−r
ζ
+ ‖Ψ˜0ζGδqϕ‖2Hs−r+2 + ‖ζ˜Gδqϕ‖2H−r+2
.‖ζ1ϕ‖2Hs−r + ‖ζ2Gδqϕ‖2H−r+2.
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Thus the assumption that ‖ζ2Gδqϕ‖2H−r+2 is bounded uniformly in δ forces ‖Gδqϕ‖2A+,sσ−r
ζ
to be also uniform bounded in δ. Consequently, the family {Gδqϕ}0<δ≤1 has a subsequence
which converges weakly to uˆ in the norm ‖·‖A+,sσ−r
ζ
. We claim uˆ = Gqϕ in V
ζ2
0 the interior
of {x ∈M : ζ2(x) = 1}. Let Qb,V ζ20 , be the restrictions of Qb to V
ζ2
0 . For any v ∈ C∞0,q(M)
supported in V ζ20 , we have
|Q
b,V
ζ2
0
(Gδqϕ−Gqϕ, v)| =|Qb(Gδqϕ−Gqϕ, v)| = δ|Qd(Gδqϕ, v)| = δ|Qd(ζ2Gδqϕ, v)|
.δ‖ζ2Gδqϕ‖H2−r‖v‖Hr . δ‖v‖Hr → 0 as δ → 0.
It means that Gδqϕ converges to Gqϕ weakly in the Qb,V ζ20
-norm. Therefore, we must have
uˆ = Gqϕ in V
ζ2
0 ⊃ supp(ζ) and hence
‖Gqϕ‖A+,sσ−r
ζ
≤ lim inf ‖Gδqϕ‖A+,sσ−r
ζ
<∞.
Therefore, Gqϕ ∈ A+,sσ−rζ;0,q for q ≥ q0. Similarly, Gqϕ ∈ A−,sσ−rζ;0,q for q ≤ n − q0; and
Gqϕ ∈ Es,−rζ,ζ˜;0,q for all 0 ≤ q ≤ n. 
In the following theorem we give the proof of local hypoellipticity of b (the first part
of Theorem 1.3).
Theorem 4.2. Let M be a pseudoconvex CR manifold of dimension (2n+ 1) with n ≥ 2
such that ∂¯b has closed range in L
2 spaces for all degrees of forms. Suppose that the
σ-superlogarithmic property holds on (0, q0)-forms. Then, for all q0 ≤ q ≤ n − q0, if
u ∈ L20,q(M) such that bu ∈ L20,q(M) ∩ C∞0,q(V σ1 ) then u ∈ C∞0,q(V σ0 ).
Proof. Set ϕ := bu ∈ H⊥0,q(M) ∩ L20,q(M) ∩ C∞0,q(V σ1 ). Then u = Gqϕ + Hqu where we
recall that Hq is the project onto H0,q(M). In order to apply Theorem 3.10 above for this
Gqϕ, we have to show that that G
δ
qϕ is also bounded in L
2
0,q(M) uniformly in δ. Since
H0,q is finite dimensional if 1 ≤ q ≤ n− 1, the inequality 4.1 implies
‖u‖2L2 . Qδb(u, u) + ‖Hδqu‖2L2 (4.2)
uniformly in δ where Hδq is the project onto Hδ0,q = H0,q ∩ {u : Qd(u, u) = 0} = {0} (see
[KR, Lemma 5.3] for the proof of this claim). This implies
‖Gδqϕ‖L2 . ‖ϕ‖L2 (4.3)
holds uniformly in δ for any ϕ ∈ L20,q(M) with 1 ≤ q ≤ n − 1. Thus, ‖ζ2Gδqϕ‖2H0 < ∞
uniformly in δ. Now, we apply Theorem 4.1 for so = 0 and r = 2 to obtain that
(i) Gqϕ ∈ A+,sσ−2ζ;0,q for q0 ≤ q ≤ n− 1;
(ii) Gqϕ ∈ A−,sσ−2ζ;0,q for 1 ≤ q ≤ n− q0;
(iii) Gqϕ ∈ Es,−2ζ,ζ˜;0,q for 1 ≤ q ≤ n− 1.
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Subsisting Gqϕ ∈ A+,sσ−2ζ;0,q ∩ A−,sσ−2ζ;0,q ∩ Es,−2ζ,ζ˜;0,q with qo ≤ q ≤ n − qo into the estimates in
Theorem 3.1, we get
‖ζ0u‖2Hs−4 .‖ζ0Gqϕ‖2Hs−4 + ‖ζ0Hqu‖2Hs−4
.‖Gqϕ‖2A+,sσ−4
ζ
+ ‖Gqϕ‖2A−,sσ−4
ζ
+ ‖Gqϕ‖2Es−4
ζ,ζ˜
+ ‖Hqu‖2Hs−4
.‖ϕ‖2
A+,sσ−4
ζ
+ ‖ϕ‖2
A−,sσ−4
ζ
+ ‖Gqϕ‖2Es−4
ζ,ζ˜
+ ‖u‖2L2
.‖ζ1ϕ‖2Hs−4 + ‖Gqϕ‖2L2 + ‖u‖2L2
.‖ζ1bu‖2Hs−4 + ‖u‖2L2.
(4.4)
Here, we have use ‖Hqu‖2Hs−4 . ‖u‖2L2 since H0,q(M) is finite dimensional. We conclude
that ζ0u ∈ Hs−4 for any s ≥ 0 and any ζ0 ∈ V σ0 , this proves Theorem 4.2. 
Remark 4.3. As in the proof of this theorem, we see that even a-priori estimates hold on
the top degrees, we only have the regularity of Gq excluding the top degrees q = 0 and
q = n since H0,q is finte dimensional only for 1 ≤ q ≤ n− 1.
The local regularity of Gq is equivalent to the local hypoellipticity of b and implies
the local regularity of ∂¯bGq and other operators but with loss derivatives in H
s-spaces.
In the following we prove the exact Hs regularity or the Hs regularity with a small gain
derivative for the relative operators of Gq.
Theorem 4.4. Let M be a pseudoconvex CR manifold of dimension (2n + 1), n ≥ 2
such that ∂¯b has closed range in L
2 spaces for all degrees of forms. Suppose that the σ-
superlogarithmic property with independent rate f holds on (0, q0)-forms. Then, for all
s ≥ 0, q0 ≤ q ≤ n− q0 and ζ0 ≺ σ ≺ ζ1, the following holds.
(i) If ϕ ∈ L20,q(M) ∩Hs0,q(supp(ζ1)), then
‖f 2(Λ)ζ0Gqϕ‖Hs + ‖f(Λ)ζ0∂¯bGqϕ‖Hs + ‖f(Λ)ζ0∂¯∗bGqϕ‖Hs
+ ‖ζ0∂¯b∂¯∗bGqϕ‖Hs + ‖ζ0∂¯∗b ∂¯bGqϕ‖Hs . ‖ζ1ϕ‖Hs + ‖ϕ‖L2 .
(4.5)
(ii) If ϕ ∈ L2q−1(M) ∩Hs0,q−1(supp(ζ1)) then
‖f 2(Λ)ζ0∂¯∗bG2q∂¯bϕ‖Hs+‖f(Λ)ζ0Gq∂¯bϕ‖Hs + ‖ζ0(I − ∂¯∗bGq∂¯b)ϕ‖Hs
‖ζ1ϕ‖Hs + ‖ϕ‖L2.
(4.6)
(iii) If ϕ ∈ L20,q+1(M) ∩Hs0,q+1(supp(ζ1))
‖f 2(Λ)ζ0∂¯bG2q∂¯∗bϕ‖Hs+‖f(Λ)ζ0Gq∂¯∗bϕ‖Hs + ‖ζ0(I − ∂¯bGq∂¯∗b )ϕ‖Hs
‖ζ1ϕ‖Hs + ‖ϕ‖L2.
(4.7)
Proof. In the proof of Theorem 4.2 we have already proven that Gqϕ ∈ A+,sσ−2ζ;0,q with
q0 ≤ q ≤ n − 1, Gqϕ ∈ A−,sσ−2ζ;0,q with 1 ≤ q ≤ n − q0, and also Gqϕ ∈ Es,−2ζ,ζ˜;0,q for
THE KOHN-LAPLACE EQUATION ON ABSTRACT CR MANIFOLDS: LOCAL REGULARITY 33
1 ≤ q ≤ n−1 if provided ϕ ∈ L20,q(M)∩Hs0,q(supp(ζ1)). Hence, Gqϕ satisfies the hypothesis
of Theorem 3.1 for r = 4, therefore, the estimates
‖Gqϕ‖2f2-A+,sσ−4
ζ
+‖∂¯bGqϕ‖2f -A+,sσ−4
ζ
+ ‖∂¯∗bGqϕ‖2f -A+,sσ−4
ζ
+‖∂¯∗b ∂¯bGqϕ‖2A+,sσ−4
ζ
+ ‖∂¯b∂¯∗bGqϕ‖2A+,sσ−4
ζ
. ‖ζ1ϕ‖2Hs−4 + ‖ϕ‖2L2
(4.8)
holds on degrees q0 ≤ q ≤ n− 1; and dually,
‖Gqϕ‖2f2-A−,sσ−4
ζ
+‖∂¯bGqϕ‖2f -A−,sσ−4
ζ
+ ‖∂¯∗bGqϕ‖2f -A−,sσ−4
ζ
+‖∂¯∗b ∂¯bGqϕ‖2A−,sσ−4
ζ
+ ‖∂¯b∂¯∗bGqϕ‖2A−,sσ−4
ζ
. ‖ζ1ϕ‖2Hs−4 + ‖ϕ‖2L2
(4.9)
holds on degrees 1 ≤ q ≤ n− q0.
Proof of (i). Fix q0 ≤ q ≤ n − q0. If ϕ ∈ L20,q(M) ∩ Hs0,q(supp(ζ1)), then both (4.8) and
(4.9) hold, so taking summation to get
‖f 2(Λ)ζ0Gqϕ‖2Hs−4 + ‖f(Λ)ζ0∂¯bGqϕ‖2Hs−4 + ‖f(Λ)ζ0∂¯∗bGqϕ‖2Hs−4
+ ‖ζ0∂¯∗b ∂¯bGqϕ‖2Hs−4 + ‖ζ0∂¯b∂¯∗bGqϕ‖2Hs−4 . ‖ζ1ϕ‖2Hs−4 + ‖ϕ‖2L2.
(4.10)
Since Hs0,q(M) is dense in H
s−4
0,q (M), the estimate (4.10) is still holds for ϕ ∈ L20,q(M) ∩
Hs−40,q (supp(ζ1)). This proves the first estimate in Theorem 4.4.
Proof of (ii). Now we deal ϕ ∈ L2q−1(M) ∩Hs0,q−1(supp(ζ1)). By (4.2), ‖Gδq∂¯bϕ‖L2 is uni-
formly bounded and hence, by Theorem 4.2, Gq∂¯bϕ ∈ A±,sσ−2ζ;0,q ∩ Es,−2ζ,ζ˜;0,q. We first give
estimate on the positive norm ‖·‖A+,sσ−4
ζ
. We use Lemma 3.7.(i) for u = Gq∂¯bϕ and with
the choice g(t) = t−4,
‖Gq∂¯bϕ‖2f -A+,sσ−4
ζ
+‖Gq∂¯bϕ‖2f0 ln -∂bσyA+,sσ−4ζ + ‖∂¯
∗
bGq∂¯bϕ‖2A+,sσ−4
ζ
.Re (∂¯b∂¯
∗
bGq∂¯bϕ,Gq∂¯bϕ)A+,sσ−4
ζ
+ ‖∂¯bGq∂¯bϕ‖+2A+,sσ−4
ζ
+‖Gq∂¯bϕ‖2Es,−3
ζ,ζ˜
=Re (∂¯bϕ,Gq∂¯bϕ)A+,sσ−4
ζ
+ ‖ϕ‖2Es,−4 + ‖Gq∂¯bϕ‖2Es,−3 .
(4.11)
Using Lemma 3.6.(i) for v = ϕ, w = Gq∂¯bϕ with the choice g = t
−4 and a = ǫ = 1
Re (∂¯bϕ,Gq∂¯bϕ)A+,sσ−4
ζ
≤Re (ϕ, ∂¯∗bGq∂¯bϕ)A+,sσ−4
ζ
+ ‖ϕ‖A+,sσ−4
ζ
+ ‖ϕ‖Es,−4
ζ,ζ˜
+c
(
‖Gq∂¯bϕ‖2A+,sσ−4
ζ
+ ‖Gq∂¯bϕ‖2ln -∂bσyA+,sσ−4ζ + ‖Gq∂¯bϕ‖
2
Es,−4
ζ,ζ˜
)
≤ǫ‖∂¯∗bGq∂¯bϕ‖2A+,sσ−4
ζ
+ cǫ‖ϕ‖A+,sσ−4
ζ
+ ‖ϕ‖Es,−4
ζ,ζ˜
+c
(
‖Gq∂¯bϕ‖2A+,sσ−4
ζ
+ ‖Gq∂¯bϕ‖2ln -∂bσyA+,sσ−4ζ + ‖Gq∂¯bϕ‖
2
Es,−4
ζ,ζ˜
)
.
(4.12)
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Combining (4.11) and (4.12) and the elliptic estimate in the error norm, we conclude that
‖Gq∂¯bϕ‖2f -A+,sσ−4
ζ
+ ‖∂¯∗bGqo ∂¯bϕ‖2A+,sσ−4
ζ
. ‖ζ1ϕ‖2Hs−4 + ‖ϕ‖2L2. (4.13)
Now we give estimate on the negative norm ‖·‖A−,sσ−4
ζ
. We consider two case of q. If
1 ≤ q − 1 ≤ n − q0, we use the fact that Gq∂¯b = ∂¯bGq−1 and (4.9) holds for all degree
between 1 and n− q0, then
‖Gq∂¯bϕ‖2f -A−,sσ−4
ζ
+ ‖(I − ∂¯∗bGq∂¯b)ϕ‖2A−,sσ−4
ζ
. ‖ζ1ϕ‖2Hs−4 + ‖ϕ‖2L2 . (4.14)
Otherwise, q = 1, we give a directly proof of (4.14) as the following
‖G1∂¯bϕ‖2f -A−,sσ−4
ζ
.‖∂¯∗bG1∂¯bϕ‖2A−,sσ−4
ζ
+ ‖G1∂¯bϕ‖2Es,−4
ζ,ζ˜
.‖(I − ∂¯∗bG1∂¯b)ϕ‖2A−,sσ−4
ζ
+ ‖ϕ‖2
A−,sσ−4
ζ
+ ‖G1∂¯bϕ‖2Es,−4
ζ,ζ˜
.‖ϕ‖2
A−,sσ−4
ζ
+ ‖(I − ∂¯∗bG1∂¯b)ϕ‖2Es,−4
ζ,ζ˜
+ ‖G1∂¯bϕ‖2Es,−4
ζ,ζ˜
.
(4.15)
Here, we have used Theorem 3.1.(ii) twice: the first one for the first inequality and the sec-
ond one for the third inequality with notice that ∂¯b(I− ∂¯∗bG1∂¯b)ϕ = ∂¯∗b (I− ∂¯∗bG1∂¯b)ϕ = 0.
So (4.14) holds for both case of q ≤ n− q0.
Finally, the estimate of the term ∂¯∗bG
2
q∂¯bϕ follows by the estimates of ∂¯bGq and Gq∂¯b.
Summarizing, we get
‖f 2(Λ)ζ0∂¯∗bG2q∂¯bϕ‖Hs−4+‖f(Λ)ζ0Gq∂¯bϕ‖Hs−4 + ‖ζ0(I − ∂¯∗bGq∂¯b)ϕ‖Hs−4
‖ζ1ϕ‖Hs−4 + ‖ϕ‖L2 ,
(4.16)
for all ϕ ∈ L20,q−1(M) ∩Hs0,q−1(supp(ζ1)). By the density of Hs0,q(M) in Hs−40,q (M), we can
replace the assumption ϕ ∈ L20,q−1(M) ∩Hs0,q−1(supp(ζ1)) by ϕ ∈ L20,q−1(M) ∩Hs−40,q−1(ζ1).
This proves the part (ii) in Theorem (4.4). The part (iii) follows analogously. 
Remark 4.5. It is known that on the top degrees, the Green operators G0 and Gn agree
with ∂¯∗bG
2
1∂¯b and ∂¯bG
2
n−1∂¯
∗
b , respectively; and also ∂¯bG0 = G1∂¯b, ∂¯
∗
bGn = Gn−1∂¯
∗
b . There-
fore, if q0 = 1 then
‖f 2(Λ)ζ0G0ϕ‖Hs + ‖f(Λ)ζ0∂¯bG0ϕ‖Hs . ‖ζ1ϕ‖Hs + ‖ϕ‖L2 (4.17)
holds for all ϕ ∈ L2(M) ∩Hs(supp(ζ1)); and
‖f 2(Λ)ζ0Gnϕ‖Hs + ‖f(Λ)ζ0∂¯∗bGnϕ‖Hs . ‖ζ1ϕ‖Hs + ‖ϕ‖L2 (4.18)
holds for all ϕ ∈ L20,n(M) ∩Hs0,n(supp(ζ1)).
For the case n ≥ 2, the local regularity of G0 (resp. Gn) is inherited from the local
regularity of G1 (resp. Gn−1). In the case n = 1, this procedure does not work. In this
case, in order to use a-priori estimates, we assume that G0 (and hence G1) is globally
regular.
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Theorem 4.6. Let M be a 3-dimensional pseudoconvex CR manifold such that ∂¯b has
closed range on functions and G0 is globally regular. Suppose that σ-superlogarithmic
property with dependent rate f holds on (0, 1)-forms. Then, for q = 0, 1, if u ∈ L20,q(M)
such that bu ∈ L20,q(M) ∩ C∞0,q(V σ1 ) then u ∈ C∞0,q(V σ0 ). Furthermore,
‖f 2(Λ)ζ0G0ϕ‖Hs + ‖f(Λ)ζ0∂¯bG0ϕ‖Hs + ‖ζ0(I − ∂¯∗bG1∂¯b)ϕ‖Hs . ‖ζ1ϕ‖Hs + ‖ϕ‖L2 ;(4.19)
holds for all ϕ ∈ L2(M) ∩Hs(supp(ζ1)), and
‖f 2(Λ)ζ0G1ϕ‖Hs + ‖f(Λ)ζ0∂¯∗bG1ϕ‖Hs + ‖ζ0(I − ∂¯bG0∂¯∗b )ϕ‖Hs . ‖ζ1ϕ‖Hs + ‖ϕ‖L2,(4.20)
holds for all ϕ ∈ L20,1(M) ∩Hs0,1(supp(ζ1)).
The idea of the proof of this theorem follows by the argument in [Str10, page 70].
Proof. We remark that the global regularity property ofG0 implies that ∂¯bG0, (I−∂¯bG0∂¯∗b ),
G1, ∂¯
∗
bG1 and (I − ∂¯∗bG1∂¯b) are also global regularity. Thus, for ϕ ∈ C∞(M), we can use
the a-priori estimates in Theorem 3.1 and 3.8, and follow the proof in Theorem 4.4(ii) (for
the case n ≥ 2, but it still hold for n = 1) together with the closed range of ∂¯b to get (4.19)
and (4.20) for this globally smooth function ϕ. So we have to pass the smoothness of ϕ
from global to local. In the following we only give the proof for G0 since other operators
follows analogously. By the fact that the local hypoellipticity of b on functions follows
by the local regularity of G0, we have obtained
‖f 2(Λ)ζ0G0ϕ‖2Hs . ‖ζ˜ϕ‖2Hs + ‖ϕ‖2L2 (4.21)
for all ϕ ∈ C∞(M). Here we replace ζ1 by ζ˜ such that σ ≺ ζ˜ ≺ ζ1 since ζ1 can be chosen
arbitrary (but dominating σ).
For a general ϕ ∈ Hs(supp(ζ1)) ∩ L2(M), we choose a sequence of functions ϕm ∈
C∞(M) such that ϕm → ϕ in L2(M). Since supp(ζ1) and supp((1− ζ2)) are disjoint, we
use (4.21) for the smooth datum function (1− ζ2)(ϕl − ϕm) and get
‖f 2(Λ)ζ0G0(1− ζ2)(ϕl − ϕm)‖2Hs . ‖ϕl − ϕm‖2.
Consequently, the sequence {f 2(Λ)ζ0G0(1− ζ2)ϕm} is Cauchy in Hs(M). Since it conver-
gences to f 2(Λ)ζ0G0(1− ζ2)ϕ in L2(M), thus f 2(Λ)ζ0G0(1− ζ2)ϕ ∈ Hs(M) and
‖f 2(Λ)ζ0G0(1− ζ2)ϕ‖2Hs . ‖ϕ‖2. (4.22)
Since ζ1ϕ ∈ C∞(M), we used (4.21) for the datum ζ1ϕ,
‖f 2(Λ)ζ0G0ζ1ϕ‖2Hs . ‖ζ1ζ˜ϕ‖2Hs + ‖ζ1ϕ‖2L2 . ‖ζ1ϕ‖2Hs + ‖ϕ‖2L2. (4.23)
Combining (4.22) and (4.23), we get the desired estimate:
‖ζ0G0ϕ‖2Hs . ‖f 2(Λ)ζ0G0ζ1ϕ‖2Hs + ‖f 2(Λ)ζ0G0(1− ζ2)ϕ‖2Hs . ‖ζ1ϕ‖2Hs + ‖ϕ‖2L2,
for all ϕ ∈ Hs(supp(ζ1)) ∩ L2(M).

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4.2. Smoothness of the complex Green kernel. Let Gq(xˆ, x), 0 ≤ q ≤ n, be the inte-
gral kernel of the complex Green operator Gq, it means, Gq has the integral representation
Gqϕ(x) =
∫
M
〈ϕ(xˆ),Gq(xˆ, x)dV (xˆ) = (ϕ(•),Gq(•, x))L2
provided the integral exists; this imposes regularity conditions on ϕ and Gq. Thus, Gq is a
double distribution form of degree (0, q; q, 0) on the product manifold M ×M . Gq can be
expressed in local coordinate Uˆ × U as
Gq(xˆ, x) =
∑
Iˆ ,I∈Iq
GIˆ ,I(xˆ, x)ω¯Iˆ(xˆ) ∧ ωI(x).
To show the smoothness of Gq, we will prove that functions GIˆ ,I are smooth for all Iˆ , I ∈ Iq.
Fix Iˆ ∈ Iq. Let δxˆ0 be the delta Dirac “function” with support in xˆ0 ∈ M . We choose a
(0, q)-form datum
ϕxˆ0(xˆ) = (D
αˆ)∗δxˆ0(xˆ)ω¯Iˆ(xˆ),
where (Dαˆ)∗ is the L2 adjoint of the differential operator Dαˆ. This data is smooth on
M \ {xˆ0} and bounded in H−(n+1+|αˆ|)-norm since
‖ϕxˆ0‖2H−(n+1+|αˆ|) .‖δxˆ0‖2H−(n+1)
=
∫
R2n+1
(1 + |ξ|2)−(n+1)F{δxˆ0}(ξ)dξ
=
∫
R2n+1
(1 + |ξ|2)−(n+1)dξ . 1.
(4.24)
Thus,
Gqϕxˆ0(x) =(ϕxˆ0(•),Gq(•, x))L2
=
∑
I∈Iq
(
(Dαˆ)∗δxˆ0(•),GIˆ ,I(•, x)
)
L2
ω¯I(x)
=
∑
I∈Iq
(
δxˆ0(•), Dαˆ•GIˆ ,I(•, x)
)
L2
ω¯I(x)
=
∑
I∈Iq
Dαˆxˆ0GI,Iˆ(xˆ0, x)ω¯I(x),
(4.25)
and consequently, ∑
I∈Iq
∣∣∣DαxDαˆxˆ0GIˆ ,I(xˆ0, x)∣∣∣2 = ∣∣DαxGqϕxˆ0(x)∣∣2 . (4.26)
THE KOHN-LAPLACE EQUATION ON ABSTRACT CR MANIFOLDS: LOCAL REGULARITY 37
Let ζ0 be a cutoff function in U , we choose x0 ∈ V ζ00 then by the Sobolev lemma∣∣∣Dαx0Dαˆxˆ0GIˆ ,I(xˆ0, x0)∣∣∣ ≤ sup
x∈M
∣∣Dαxζ0Gqϕxˆ0(x)∣∣ . ‖ζ0Gqϕxˆ0‖n+1+|α|, (4.27)
for all I, Iˆ ∈ Iq. These equalities (4.25), (4.26) and inequalities (4.27) hold if provided
that ‖ζ0Gqϕxˆ0‖Hn+1+|α| <∞. To show this boundedness, we need the hypothesis of weakly
superlogarithmic properties. Theorem 1.6 is splitted into two following theorems.
Theorem 4.7. Let M be a pseudoconvex, CR manifold of dimension (2n + 1) such that
∂¯b has closed range in L
2 spaces for all degrees of forms. Let σ and σˆ be cutoff functions
with disjoint supports ans suppose that the σ- and σˆ-superlogarithmic properties on (0, q0)
forms holds. Then
Gq ∈ C∞0,q;q,0
((
V σ0 × V σˆ0
) ∪ (V σˆ0 × V σ0 )) for all q0 ≤ q ≤ n− q0.
If q0 = 1 and n ≥ 2, or q0 = n = 1 with the extra assumption that G0 is globally regular,
then this conclusion also holds for q = 0 and q = n.
Proof. We choose x0 ∈ V σ0 and xˆ0 ∈ V σˆ0 and two triplets of cutoff functions {ζj}2j=0 and
{ζˆj}2j=0 such that ζ0 ≺ σ ≺ ζ1 ≺ ζ2, ζˆ0 ≺ σˆ ≺ ζˆ1 ≺ ζˆ2, supp(ζ2) ∩ supp(ζˆ2) = ∅, and
x0 ∈ V ζ00 , x0 ∈ V ζˆ00 . Since ζ1ϕxˆ0 = 0, Theorem 4.1 implies that the desired inequality
‖ζ0Gqϕxˆ0‖n+1+|α| < ∞ holds if ‖ζ2Gδqϕxˆ0‖L2 < ∞ uniformly in δ > 0. By the self-adjoint
property of Gδ, the Ho¨lder inequality and the estimate (4.24), we get
‖ζ2Gδqϕxˆ0‖L2 = sup{|(ζ2Gδqϕxˆ0, v)L2| : ‖v‖L2 ≤ 1}
= sup{|(ϕxˆ0, ζˆ0Gδqζ2v)L2| : ‖v‖L2 ≤ 1}
≤ sup{‖ϕxˆ0‖H−(n+1+|αˆ|)‖ζˆ0Gδqζ2v‖Hn+1+|αˆ| : ‖v‖L2 ≤ 1}
≤ sup{‖ζˆ0Gδqζ2v‖Hn+1+|αˆ| : ‖v‖L2 ≤ 1}.
(4.28)
We apply Theorem 3.10 for u = Gδqζ2v with system of cutoff functions {ζˆj} to obtain
‖ζˆ0Gδqζ2v‖2Hn+1+|αˆ| .‖ζˆ1ζ2v‖2Hn+1+|αˆ| + ‖ζˆ2Gδqζ2v‖2L2
≤‖Gδqζ2v‖L2 . ‖ζ2v‖2L2 ≤ ‖v‖2 ≤ 1.
(4.29)
uniformly in δ. From (4.28) and (4.29), we get ‖ζ2Gδqϕxˆ0‖L2 is uniformly bounded to δ.
Therefore, ‖ζ0Gqϕxˆ0‖n+1+|α| <∞ and hence by (4.27),
Gq ∈ C∞0,q;q,0(V σˆ0 × V σ0 ).
We also notice that Gq is smoothness on symmetric sets of M ×M since Gq is self adjoint.
That means if Gq ∈ C∞0,q;q,0(V σˆ0 ×V σ0 ) then Gq ∈ C∞0,q;q,0(V σ0 ×V σˆ0 ). This proves Theorem 4.7.

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Theorem 4.8. Let M be a pseudoconvex, CR manifold of dimension (2n+1) such that ∂¯b
has closed range in L2 spaces for all degrees of forms. Suppose that the σ-superlogarithmic
property holds on (0, q0)-forms and Gq is globally regular for some q0 ≤ q ≤ n− q0. Then
Gq ∈ C∞0,q;q,0
((
V σ0 × (M \ supp(σ))
)
∪
(
(M \ supp(σ))× V σ0
))
.
If q0 = q = 1 (resp. q0 = 1, q = n), this conclusion also holds for G0 and (resp. Gn).
Proof. We choose x0 ∈ V σ0 and xˆ0 ∈M \ supp(σ) and {ζj}2j=0 such that ζ0 ≺ σ ≺ ζ1 ≺ ζ2,
and xˆ0 ∈ V ζ00 , xˆ0 6∈ supp(ζ1). This means ζ1ϕxˆ0 = 0. By the global regularity of Gq, it
follows for any multi-indice αˆ there exists mαˆ such that
‖Gqv‖2Hn+1+|αˆ| . ‖v‖2Hmαˆ for all v ∈ Hmαˆ0,q (M); (4.30)
and Gq can be extended to a continuos in the space of H
−∞
0,q (M). Thus we can estimate
ζ2Gqϕxˆ0 as follows
‖ζ2Gqϕxˆ0‖H−mαˆ =sup{|(ζ2Gqϕxˆ0, v)L2| : ‖v‖Hmαˆ ≤ 1}
=sup{|(ϕxˆ0, Gqζ2v)L2| : ‖v‖L2 ≤ 1}
≤ sup{‖ϕxˆ0‖H−(n+1+|αˆ|)‖Gqζ2v‖Hn+1+|αˆ| : ‖v‖Hmαˆ ≤ 1} . 1,
where the last estimate follows by (4.30) and (4.24). Thus we can apply Theorem 3.8 for
u = Gqζ2ϕxˆ0 , s = n + 1 + |αˆ|, so = mαˆ and r = so + 2, it follows
‖ζ0Gqϕxˆ0‖2Hn+1+|α| .‖ζ1ϕxˆ0‖2Hn+1+|α| + ‖ζ2Gqϕxˆ0‖2H−so . 1.
By (4.27), it follows
Gq ∈ C∞0,q;q,0
(
(M \ supp(σ))× V σ0
)
.
The proof of Theorem 4.8 follows by the symmetric of Gq. 
5. The σ-superlogarithmic property on hypersurface models
In this section we show that the σ-superlogarithmic property admits on the hypersur-
faces model (1.10) and prove Theorem 1.9. Let M be the hypersurfaces passing the origin
defined by
M =
{
(z, zn+1) ∈ Cn × C : Im zn+1 =
∑
k
Hk
(∑
l∈Ik
|hl(z)|2
)
Fk
(∑
l∈Ik
|Rehl(z)|2
)}
.(5.1)
Here,
(1) Hk, Fk : R
+ → R+ are increasing and convex functions such that Hk(0)Fk(0) =
0 and. If Hk(0) = 0 (resp. Fk(0) = 0) it is added an extra assumption that
Hk(δ)/δ (resp. Fk(δ)/δ) is increasing. Here, we assume that Fk(0) = 0, otherwise
the calculation is simpler.
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(2) hl with l = 1, . . . , N are holomorphic functions in C
n with an isolated zero at the
origin and Ik’s are blocks of (1, . . . , N) such that ∪kIk ⊂ {1, . . . , N}.
Theorem 5.1. Let M be the hypersurface in Cn+1 defined by (5.1). Then, if
lim
δ→0
δ ln
(
Fk(δ
2)
)
= 0 for all k, (5.2)
then the origin of Cn+1 is a weakly superlogarithmic point.
Proof. After the setting, the proof of this theorem is divided into three steps. In Step 1,
we give a lower bounded of the Levi form of M by the (1, 1)-forms
Ml = H(|hl|
2)F (|Rehl|2)
|Rehl|2 L|hl|2,
for all l = 1, . . . , N where H := minkHk and F := mink Fk. In the language of the (f -M)-
property, the (t1/2-Ml)-properties hold. Using Proposition 5.2, we interchange magnitude
of f andM in the (t1/2-Ml)-properties in Step 2. Finally, in Step 3 we construction a cutoff
function σ in any small neighborhood inM of the origin xo so that the σ-superlogarithmic
property holds, and hence xo is a weakly superlogarithmic point.
For setting, let
ρ :=
∑
k
ρk where ρk = Hk
(∑
l∈Ik
|hl|2
)
Fk
(∑
l∈Ik
|Rehl|2
)
.
We identify M with Cn×R so that the point (z, τ +√−1ρ) ∈M corresponds to the point
(z, τ) ∈ Cn × R. Set
Lj :=
∂
∂zj
+
√−1 ∂ρ
∂zj
(z)
∂
∂τ
, T :=
√−1 ∂
∂τ
, θ := −√−1dτ −
n∑
j=1
(
∂ρ
∂zj
dzj − ∂ρ
∂z¯j
dz¯j
)
.
It is easy to verify that Lj ∈ T 1,0M with its dual dzj and θ is a contact form with its dual T .
Step 1. The Levi form of M is given by
dθ =
n∑
ij=1
∂2ρ
∂zi∂z¯j
dzi ∧ dz¯j = 1
2
(∂b∂¯b − ∂¯b∂b)ρ = Lρ =
∑
k
Lρk .
We use notation |hk|2 =∑j∈Ik |hl|2 and |Rehk|2 =∑l∈Ik |Rehl|2. We can check that
L|hk|2 =
∑
l∈Ik
L|hk|2 =
∑
l∈Ik
∂bhl ∧ ∂¯bh¯l = 2L|Rehk|2
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and
∂b|hk|2 ∧ ∂¯b|Rehk|2 + ∂b|Rehk|2 ∧ ∂¯b|hk|2 =2
∑
l,lˆ∈Ik
Rehl∂bhl ∧ Rehlˆ∂¯bh¯lˆ
=4∂b|Rehk|2 ∧ ∂¯b|Rehk|2 ≥ 0.
Thus, by direct computation, we get
Lρk =FkLHk +HkLFk + ∂bHk ∧ ∂¯bFk + ∂bFk ∧ ∂¯bHk
=Fk
(
H˙kL|hk|2 + H¨k∂b|hk|2 ∧ ∂¯b|hk|2
)
+Hk
(
F˙kL|Rehk|2 + F¨k∂b|Rehk|2 ∧ ∂¯b|Rehk|2
)
+ F˙kH˙k
(
∂b|hk|2 ∧ ∂¯b|Rehk|2 + ∂b|Rehk|2 ∧ ∂¯b|hk|2
)
.
(5.3)
From the last line of (5.3), it follows that Lρk ≥ ∂bρk ∧ ∂¯bρk; and from the second line of
(5.3), it follows
Lρk ≥(FkH˙k +
1
2
F˙kHk)L|hk|2
≥1
2
Hk(|hk|2)Fk(|Rehk|2)
|Rehk|2 L|hk|2
≥1
2
∑
l∈Ik
Hk(|hl|2)Fk(|Rehl|2)
(|Rehl|2) L|hl|2
(5.4)
where the inequalities follow by Fk(δ)
δ
is increasing. Consequently,
dθ &
N∑
l=1
H(|hl|2)F (|Rehl|2)
(|Rehl|2) L|hl|2 + ∂bρ ∧ ∂¯bρ. (5.5)
where H := minkHk and F := mink Fk.
Step 2. In another words of the expression in (5.5), the (f1-Ml,1)-property holds for
f1(t) = t
1/2 and Ml,1 = H(|hl|
2)F (|Rehl|2)
(|Rehl|2) L|hl|2 .
Using Proposition 5.2 below, the (f2-Ml,2)-property holds for
f2(t) = (F
∗(t−1))−1/2 and Ml,2 = H(|hl|2)L|hl|2 ,
where F ∗ is denoted the inverse of F . By the hypothesis of Fk in (5.2) and F (δ) =
mink Fk(δ), we get limδ→0 δ lnF (δ
2) = 0. This implies f2 ≫ ln. Denote H˜(δ) = δH(δ).
Since Ml,2 ≥ H˜(|Rehl|
2)
|Rehl|2 L|hl|2, we apply Proposition 5.2 again and obtain the (f3-Ml,3)-
property holds for
f3(t) = (H˜
∗(F ∗(t−1))−1/2 ≫ 1 and Ml,3 = L|hl|2 .
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Set
M2 :=
N∑
l=1
H(|hl|2)L|hl|2 and M3 :=
N∑
l=1
L|hl|2 .
Thus, the (f2-M2)- and (f3-M3)-properties holds. By Proposition 5.3 below, there exists
m ∈ N such that (f -Id)-property holds where f(t) = (f3(t))1/m and Id =
∑n
i=1 dzi ∧ dz¯i
the identity (1, 1)-form of M . We conclude that in this step we have proven there exists
a family of smooth real value function {λt} such that |Tm(λt)| ≤ cmemt such that
Lλt + tdθ & f 2(t)Id+ f 20 (t) ln2 t
N∑
l=1
H(|hl|2)L|hl|2 + t
1
2∂bρ ∧ ∂¯bρ. (5.6)
where f, f0 ≫ 1 where f0 = f2/ ln.
Step 3. Let χ be a cutoff function in R such that χ(a) =
{
1 if |a| ≤ 1,
0 if |a| ≥ 2. . Denote by
χǫ(a) = χ(a/ǫ). We set
h0 := τ and σǫ :=
N∏
l=0
χǫ(|hl|2).
Since the common zero of hl, for l = 1, . . . , N , is at only the origin of C
n. Thus σǫ is a
cutoff function on M . Furthermore, for any small neighborhood U in M of xo (the origin
of M) there exists ǫ > 0 such that supp(σǫ) ⊂ U and σǫ = 1 in another neighborhood of
xo. In order to prove that xo is the weakly superlogarithmic point, we shall show that the
σǫ-superlogarithmic property holds in U . Before giving the upper bounds of ∂bσǫ ∧ ∂¯bσǫ
and Lσǫ, we compute
L|h0|2 = 2∂bh0 ∧ ∂¯bh0 + 2h0Lh0 = 2∂bτ ∧ ∂¯bτ + 2τLτ .
We have
∂bτ =
n∑
j=1
Ljτdzj =
√−1
n∑
j=1
∂ρ
∂zj
dzj =
√−1∂bρ.
Thus, ∂¯bτ = −
√−1∂¯bρ and hence
∂bτ ∧ ∂¯bτ = ∂bρ ∧ ∂¯bρ .
by (5.5)
Lρ = dθ.
Lτ = 1
2
(
∂b∂¯bτ − ∂¯b∂bτ
)
=
1
2
n∑
ij=1
(
−√−1 ∂
2ρ
∂zi∂z¯j
dzi ∧ dz¯j −
√−1 ∂
2ρ
∂z¯i∂zj
dz¯i ∧ dzj
)
≡ 0.
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Thus L|h0|2 . dθ. We are ready to estimate ∂bσǫ ∧ ∂¯bσǫ and Lσǫ
∂bσǫ =
N∑
l=0
(∏
lˆ 6=l
χ(|hlˆ|2)
)(
χ˙(|hl|2)∂b|hl|2
)
and
Lσǫ =
N∑
l=0
(
N∏
lˆ6=l
χ(|hlˆ|2)
)(
χ˙(|hl|2)L|hl|2 + χ¨(|hl|2)∂|hl|2 ∧ ∂¯b|hl|2
)
+
N∑
k,l=0,k 6=l
( ∏
lˆ 6=k,l
χ(|hlˆ|2)
)(
χ˙(|hk|2)χ˙(|hl|2)∂|hk|2 ∧ ∂¯b|hl|2
) .
Thus, it follows
ln t|〈Lσyu, u〉|+ ln2 t|∂bσyu|2 . ln2 t
N∑
l=0
Isupp(χ˙ǫ(|hl|2))|〈L|hl|2yu, u〉|
≤ ln2 t
(
〈dθyu, u〉+ (H(ǫ2))−1 ln2 t
N∑
l=1
H(|hl|2)〈L|hl|2yu, u〉
)(5.7)
for any t ≥ 1 and u ∈ C∞0,1(M). where the second inequality follows by the fact that
Isupp(·χǫ(|hl|2)) ≤ I{x∈M :ǫ≤|hl(x)|≤2ǫ} ≤ H(|ǫ|2)−1H(|hl|2).
Combining (5.6) and (5.7), we can conclude that the σǫ-superlogarithmic property holds
for any ǫ > 0. 
The proof of Theorem 5.1 is complete but we have skipped a crucial technical point in
Step 2 of the proof that we face now. First, the interchange sizes of the rate f and the
multiplier M is expressed by the following proposition.
Proposition 5.2. Let M be the hypersurface defined by (5.1) and h be a holomorphic
function in Cn. Assume that the (f1-M1)-property holds with a rate 1 ≪ f1 . t1/2 and
multiplier
M1 ≥ H(|h|
2)F (|Reh|2)
|Reh|2 L|h|2.
Then the (f2-M2)-property holds for f2(t) = (F ∗(f1(t)−2))−1/2 and M2 = H(|h|2)L|h|2.
Here F,H : R+ → R+ are smooth increasing, convex functions with F (0) = 0, F (δ)
δ
ց 0;
and F ∗ is denoted the inverse of F .
Proof. Assume that for any t ≥ 1 there exists a function λt,1 such that
|T s(λt,1)| ≤ cs,1ets/2, for all s ∈ N and Lλt,1 + tdγ ≥ f1(t)2M1.
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Now we construct λt,2 such that
T s(λt,2)| ≤ cs,2ets/2, for all s ∈ N and Lλt,2 + tdγ ≥ f2(t)2M2. (5.8)
We define
λ˜t(z, τ) = λt(|Reh(z)|2)H(|h(z)|2) where λt(a) :=
(
1− e− 12f22 (t)a
)
.
Since λ˙t(a) =
1
2
f 22 (t)λt(a) ≥ 0 and λ¨t(a) = −14f 42 (t)λt(a), it follows
Lλ˜t =HLλt + λtLH + ∂b(H) ∧ ∂¯b(λt) + ∂b(λt) ∧ ∂¯b(H)
≥H
(
λ˙t + |Reh|2λ˙t)
)
∂bh ∧ ∂¯bh¯
≥1
4
f 22 (t)He
− 1
2
f22 (t)|Re h|
2
{(
2− f 22 (t)|Reh|2
)
∂bh ∧ ∂¯bh¯
} (5.9)
If f2|Reh| ≤ 1, then exp
(−1
2
f 22 (t)h
2
) ≥ e−1/2 uniformly in t and hence
Lλ˜t ≥
1
4e1/2
f 22 (t)H(|h|2)∂bh ∧ ∂¯bh¯ ≥
1
8e1/2
f 22 (t)M2.
Otherwise, assume that f2|Reh| ≥ 1. Using our assumption that F (δ)/δ increasing for
|Reh| ≥ f−12 and the definition of f2(t) = (F ∗(f1(t))−2)−1/2, we get
f 21 (t)
F (|Reh|2)
|Reh|2 ≥ f
2
1 (t)
F ((f2(t))
−2)
(f2(t))−2
= f 22 (t).
In this case, Lλ˜ can get negative; however, by using the fact that mina≥1
{
(2−a)e− 12a
}
=
−2e−2 at a = 4 for a = f2(t)|Re, h| ≥ 1, we have
Lλ˜t ≥ −
1
2e2
f 22 (t)M2
Thus
f 21 (t)M1 + Lλ˜t ≥ (1−
1
2e2
)f2(2)
2M2.
In both cases, we have proved
f 21 (t)M1 + Lλ˜t ≥
1
8e1/2
f2(t)
2M2.
Finally, we set λt,2 = λt,1 + λ˜t. It is easy to check that both |T s(λt,2)| ≤ cs,2ets/2 for some
cs,2 > 0. Therefore, λt,2 satisfies 5.8 and hence Proposition 5.2 is proven. 
Proposition 5.3. Let M be the hypersurface defined by (5.1) and h1, . . . , hN be holomor-
phic functions defined in a neighborhood of the origin in Cn such that and
(1) the common zero of hl, l = 1, . . . , N is isolated at the origin of C
n;
(2) the (f -L|h2
l
|)-properties hold for all l = 1, . . . , N with some f ≫ 1.
Then, there exist an integer m such that the property ( m
√
f-Id) holds.
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Following the guidelines of Kohn in [Koh79, Koh00], we consider the ideas of germ of
holomorphic function Jp defined inductively as follows. If G is a P -tuple (g1, . . . , gP ) is of
germs of holomorphic functions in Cn let B(G) denote the n× (N + P ) matrix
B(G) =

∂h1
∂z1
∂h1
∂z2
· · · ∂h1
∂zn
...
...
. . .
...
∂hN
∂z1
∂hN
∂z2
· · · ∂hN
∂zn
∂g1
∂z1
∂g1
∂z2
· · · ∂g1
∂zn
...
...
. . .
...
∂gP
∂z1
∂gP
∂z2
· · · ∂gP
∂zn

.
Denote by detB(G) the ideal generated by all determinants of all the n× n submatrices
of B(G). Then we define
J0 =
√
detB({0})
and for p ≥ 1
Jp =
√
(Jp−1, detB(Jp−1)).
Here,
√J is a ideal of holomorphic functions such that if g ∈ √J then there exists g˜ ∈ J
and m ∈ N such that |g|m ≤ |g˜|, where J is a deal of germs of holomorphic functions.
For the proof of Proposition 5.3, we also need the following lemma.
Lemma 5.4. Let g be a holomorphic function and f ≫ 1. Then
The
(
f -|g|2mId)-property =⇒ the (f 1/m-|g|2Id)-property.
Proof. The proof follows immediately by the fact that L|z|2 = Id (i.e., the (1-Id)-property
holds) and
f 2/m(t)|g(z)|2 ≤ [f 2/m(t)|g(z)|2]m + 1 = f 2(t)|g|2m + 1.

We are ready to prove Proposition 5.3.
Proof. It was proved in [Koh79, Theorem 7.13] that 1 ∈ Jp for some integer p if and only
if the common zero of the functions h1, . . . , hN is the origin of C
n. Thus, we only need
to prove that if g ∈ Jp then there exists an integer mp such that (f 1/mp-|g|2Id)-property
holds. We prove this statement by the inductive method. The argument for checking
the first step p = 0, by using the hypothesis that the (f -L|hj|2)-property holds for all
j = 1, . . . , N , is similar for a general step p so we omit here the step p = 0. Now we
assume inductively that the (f
1
mp−1 -|gˆ|2Id) holds for all gˆ ∈ Jp−1. By Proposition 5.2, the
(f
1
2mp−1 -L|gˆ|2)-property holds for all gˆ ∈ Jp−1 and hence by the definition of detB(Jp−1),
we get (f
1
2mp−1 -|g˜|2Id)-property holds for all g˜ ∈ (Jp−1, detB(Jp−1)). Now taking g ∈ Jp
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there exist an integer m˜q and g˜ ∈ (Jp−1, detB(Jp−1)) such that |g|m˜p ≤ |g˜|. By Lemma 5.4,
the (f
1
mp -|g|2Id)-property holds for mp := 2mp−1m˜p. This proves Proposition 5.3.

Now we are ready for the proof of Theorem 1.9.
Theorem 1.9. By the argument in Theorem 5.1, we can prove that any x ∈M is a weakly
superlogarithmic point. In order to use Theorems 1.3 and 1.5, we have to show that ∂¯b
has closed range in L2 for all degree of forms and G0 is globally regular in the case n = 1.
Up the author’s knowledge, the closed range of ∂¯b and global regularity of G0 have been
established only on compact CR manifolds (cf. [Bar12, Koh86, KN06, Nic06, Sha85, SZ15])
nevertheless M is not a compact CR manifold. Since M is a hypersurface in Cn+1, we can
compactify M by [McN92, Proposition 2.1] as follows. Let V be an open set in M , there
exists a smooth, compact, pseudoconvex hypersurface M˜ in Cn+1 satisfying the following
properties:
• V ⊂M ∩ M˜ ,
• all points in M˜ \M are points of strong pseudoconvexity,
• the relative boundary S of M˜ ∩M and M˜ \M is the intersection of M with a
sphere centered at the origin of Cn+1.
Thus, the ∂¯b,M˜ has closed range where the subscript M˜ means the operator of M˜ . Anal-
ogously to [KZ12, Proposition 4.1], we have Gq,M˜ is globally exactly regular for all
0 ≤ q ≤ n. Indeed, since the compactness estimate for the system (∂¯b,M , ∂¯∗b,M) holds
on any open set in M (see Step 2 in the proof of Theorem 5.1), similar to the argu-
ment in the proof of [KZ12, Proposition 4.1], we can obtain the (global) compactness
estimate for the system (∂¯b,M˜ , ∂¯
∗
b,M˜
) and hence the global regularity of Gq,M˜ follows (see
[Rai10, KPZ12, Str12, SZ15]). Now we can apply Theorems 1.3 and 1.5, we obtain b,M˜
is locally hypoelliptic. On local set V ⊂ M ∩ M˜ , the Kohn-Laplacians b,M and b,M˜
coincide. Therefore, b,M is local hypoelliptic on V . This completes the proof of Theo-
rem 1.9. 
Appendix
In this appendix, we give estimates of commutators to support the work in §2. The
following lemma has been used in the proof of Proposition 2.4
Lemma 5.5. Let λ := λk,s be a real-valued C
∞ function defined on an open set U of M
such that |λ| ≤ c0,sk and |Tm(λ)| ≤ cm,semk2 for any m ∈ N. Then, for any p, r ∈ N and
α ∈ R, there exists a constant cs,r,p,α independent of k such that
eαk‖T p[e−λ2 ζ, Γ˜+k ]ΓkΨ+ζu‖L2 ≤ cs,r,p,α‖ζu‖H−r
holds for all u ∈ H−so(M) with r ≥ so. Here, S(Γ˜+k ) ≻ S(ΓkΨ+).
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We first remark that the supports of the symbols of [e−
λ
2 ζ, Γ˜+k ] and ΓkΨ
+ are disjoint,
the operator [e−
λ
2 ζ, Γ˜+k ]ΓkΨ
+ is order −∞. This implies ‖T p[e−λ2 ζ, Γ˜+k ]ΓkΨ+ζu‖2 can be
controlled by any negative Sobolev norm with multiplying by a constant. However this
constant might depend on k. The Lemma 5.5 is to verify that the upper bounded of
eαk‖T p[e−λ2 ζ, Γ˜+k ]ΓkΨ+ζu‖2 is independent on k.
Proof. Let
K(ξ2n+1, η2n+1) = ξ
p
2n+1[γ˜(e
−kξ2n+1)− γ˜(e−kη2n+1)]F2n+1{e−λ2 ζ}(ξ2n+1 − η2n+1)ηr2n+1
on support of γ(e−kη2n+1)F2n+1(Ψ+ζv)(η2n+1). From Taylor’s theorem, we have for any
m ≥ 1 there exists am ∈ [0, 1] such that
γ˜(e−kξ2n+1)− γ˜(e−kη2n+1) =
m−1∑
j=1
1
j!
e−jk(ξ2n+1 − η2n+1)j γ˜(j)(e−kη2n+1)
+
1
m!
e−mk(ξ2n+1 − η2n+1)mγ˜(m)
(
ame
−kξ2n+1 + (1− am)e−kη2n+1
)
.
(5.10)
On support of γ(e−kη2n+1), the summation
∑m−1
j=1 • is zero since S(Γ˜+k ) ≻ S(ΓkΨ+) and
hence
|K(ξ2n+1, η2n+1)| ≤cme−mk|ηr2n+1|
∣∣∣ξp2n+1(ξ2n+1 − η2n+1)mF2n+1{e−λ2 ζ}(ξ2n+1 − η2n+1)∣∣∣
≤cm,pe−mk|ηr2n+1|
[∣∣ (ξ2n+1 − η2n+1)m+pF2n+1{e−λ2 ζ}(ξ2n+1 − η2n+1)︸ ︷︷ ︸
Im+p
∣∣
+
∣∣ηp+r2n+1 (ξ2n+1 − η2n+1)mF2n+1{e−λ2 ζ}(ξ2n+1 − η2n+1)︸ ︷︷ ︸
Im
∣∣].
(5.11)
For l = m+ p or m, we rewrite Il as
Il =(|ξ2n+1 − η2n+1|2 + 1)−1F2n+1{[(ξ2n+1 − η2n+1)l+2 + (ξ2n+1 − η2n+1)l]e−λ2 ζ}(ξ2n+1 − η2n+1)
=(|ξ2n+1 − η2n+1|2 + 1)−1F2n+1{(e−λ2 ζ)(l+2) + (e−λ2 ζ)(l)}(ξ2n+1 − η2n+1)
=(|ξ2n+1 − η2n+1|2 + 1)−1
[
F2n+1{(e−λ2 ζ)(l+2)}(ξ2n+1 − η2n+1) + F2n+1{(e−λ2 ζ)(l)}(ξ2n+1 − η2n+1)
]
.
(5.12)
On other hand,
|F2n+1{(e−λ2 ζ)l}(ξ2n+1 − η2n+1)| =
∣∣∣∣∫
R
e−i(ξ2n+1−η2n+1)x2n+1T l(e−
λ
2 ζ)dx2n+1
∣∣∣∣
≤
∫
R
∣∣∣T l(e−λ2 ζ)∣∣∣ dx2n+1
≤cl,se lk2 +c0,sk,
(5.13)
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where the last inequality follows by the assumption on λ := λk,s. Thus, |Il| ≤ cl,se k(l+2)2 +c0,sk.
Note that on support of γ(e−kη2n+1), |η2n+1| ≤ ek. Therefore,
|K(ξ2n+1, η2n+1)| ≤ cm,p,s(|ξ2n+1 − η2n+1|2 + 1)−1e−mk+
(m+2)k
2
+(r+p+c0,s)k,
holds for any m ∈ N. Fix α ∈ R choose m sufficiently large, we got
|K(ξ2n+1, η2n+1)| ≤ cα,p,r,se−αk(|ξ2n+1 − η2n+1|2 + 1)−1.
This boundedness of the kernel K(ξ2n+1, η2n+1) implies that
eαk‖T p[e−λk2 ζ, Γ˜+k ]ΓkΨ+ζu‖L2 ≤ cα,p,r,s‖T−rΓkΨ+ζu‖L2 ≤ cα,p,r,s‖ζu‖H−r .
This completes the proof of this lemma. 
The following lemma has been used to estimate the commutators∑
k
‖eksσ[∂¯b, ζΓkΨ+ζ ]u‖2L2 + ‖eksσ[∂¯∗b , ζΓkΨ+ζ ]u‖2L2
in Lemma 2.5 in §2.
Lemma 5.6. Let X be a differential operator of order one with smooth coefficients and
u ∈ H−so(M). Then, the following holds uniformly in k.
(i) ‖eksσ[X, ζΓkΨ±ζ ]u‖2L2 ≤ cs
(‖e(k−1)sσζΓk−1Ψ±ζu‖2L2 + ‖e(k+1)sσζΓk+1Ψ±ζu‖2L2)
+c
(
‖Γ˜kζ˜u‖2L2 + e2ks‖Γ˜kΨ˜0ζu‖2L2
)
;
(ii) ‖XeksσζΓkΨ±ζu‖2L2 ≤ c
(‖eksσ+kζΓkΨ±ζu‖2L2 + e2k‖Γkζu‖2L2) .
Here we recall that ζ is a cutoff function such that ζ ≺ ζ˜; Ψ˜0 is defined in §2.2 such that
S([Ψ±, α]) ≺ S(Ψ˜0); and Γ˜k is a pseudodifferential operator such that S(Γk) ≺ S(Γ˜k).
Proof. For the proof of (i), we first use the Jacobi identity to get
‖eksσ[X, ζΓkΨ±ζ ]u‖2L2 ≤4
(
‖eksσζ [X,Γk]Ψ±ζu‖2L2 + ‖eksσζΓk[X,Ψ±]ζu‖2L2
+‖eksσ[X, ζ ]ΓkΨ±ζu‖2L2 + ‖eksσζΓkΨ±[X, ζ ]u‖2L2
)
.
(5.14)
Since supp(ζ˙) ∩ supp(σ) = ∅, the two terms in the second line of (5.14) are bounded by
‖Γ˜kζ˜u‖2L2 . By the choice of Ψ˜0 and Γ˜k, it follows S(Γk[X,Ψ±]) ≺ S(Γ˜kΨ˜0), thus the last
term in the first line of (5.14) can be bounded as follows
‖eksσζΓk[X,Ψ±]ζu‖2L2 ≤ e2ks‖Γk[X,Ψ±]Ψ˜0ζu‖2L2 ≤ ce2ks‖Γ˜kΨ˜0ζu‖2L2. (5.15)
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The first term in the RHS. of the first line of (5.14) is treated as follows. Since (γk+1 +
γk−1) = 1 on the support of γ˙k, we have
‖eksσζ [X,Γk]Ψ±ζu‖2L2 =‖eksσζ [X,Γk]Ψ˜± (Γk−1 + Γk+1) Ψ±ζu‖2L2
≤‖[X,Γk]Ψ˜±eksσζ (Γk−1 + Γk+1) Ψ±ζu‖2L2
‖[eksσ, [X,Γk]Ψ˜±]ζ (Γk−1 + Γk+1)Ψ±ζu‖2L2
+ ‖eksσ[ζ, [X,Γk]Ψ˜±] (Γk−1 + Γk+1) Ψ±ζu‖2L2 .
(5.16)
The term in the last line of (5.16) is bounded by ‖Γ˜kζ˜u‖2L2 since supp(ζ˙) ∩ supp(σ) = ∅.
Sine the symbol of [X,Γk]Ψ˜
± is uniformly bounded by a constant, the term in second line
of (5.16) is bounded by ‖eksσζ (Γk−1 + Γk+1) Ψ±ζu‖2L2. We also notice that the support of
S([X,Γk]Ψ˜±) is a subset of supp(γ˙kψ˜+) and hence
‖[eksσ, [X,Γk]Ψ˜±]v‖2L2 ≤ csk2e−2k‖eksσv‖2L2 ≤ cs‖eksσv‖2L2.
Thus, the term in the third line of (5.16) is also bounded by ‖eksσζ (Γk−1 + Γk+1) Ψ±ζu‖2L2 .
This proves the first part of Lemma 5.6.
For the proof of (ii), we have
‖XeksσζΓkΨ±ζu‖2L2 .‖Λζ˜eksσζΓ˜kΨ˜±ΓkΨ±ζu‖2L2
.‖ΛΓ˜kΨ˜±ζ˜eksσζΓkΨ±ζu‖2L2 + ‖Λ[ζ˜eksσζ, Γ˜kΨ˜±]ΓkΨ±ζu‖2L2.
(5.17)
The symbol S(ΛΓ˜kΨ˜±) is bounded by ek since, so the first term in the second line of (5.17)
is bounded by ‖eksσ+1ζΓkΨ±ζu‖2. Similar to the argument in the previous part, the second
term in the second line of (5.17) is bounded by k2‖eksσζΓkΨ±ζu‖2L2 + e2k‖Γkζu‖2L2. This
proves (ii) and then the proof of Lemma 5.6 is complete. 
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